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Some P-Q eta function identities
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Abstract: In unorganized portion of his second note book
[3], Ramanujan recorded twenty-three results on P-Q eta
function identities or modular equations. These are the
identities involving the quotients of eta-function which are
designated by P or Q by Ramanujan. Berndt [2] established
proof of 18 of these identities by employing theory of theta
functions in the spirit of Ramanujan and remaining 5 by
employing the theory of modular forms. These modular
equations play important role in the explicit evaluations of
continued fractions and Class Invariants. In this paper we
deduce certain P-Q modular equations and using these
modular equations we obtain the values of Class
Invariants.
Keywords: Modular equations, theta functions, class-
invariants, quotients of eta-functions

1. INTRODUCTION
Let, as usual,

@@= | -ag, la<1

and

x(@) = (= ¢*)o.
Ramanujan first introduced the Class Invariants

G, = 2_416 nz\ft_x(e ”‘/—)

and
-1 nn
g, = 273_7)((—(3_”‘/;)’
in his famous paper,
approximation to ©” [5].

“Modular equations and
In his first notebook [4],
Ramunajan recorded the values for 107 Class
Invariants or the polynomials satisfied by them. On
pages 294 to 299 in his second notebook [3],
Ramanujan gave a table of values of 77 Class
Invariants, three of which are not found in his first
notebook.

Motivated by these, in this paper we establish further
evaluations of the class invariant g,. In the next
section, we establish some eta-function identities
employing which we give in next section some general
theorems for evaluating g,. Using these general

formulas, we derive many numerical Class Invariants.

Ramanujan's general theta function f{a, b) is defined

by
nn+1) n(n-1)

fla,b) =¥3-wa 2 b 2 , J|ab|<1.

Furthermore, define

0@ =f@D= ) " =550

Y@ =)= Y a7 = ((Lz;qiq)):
and )
f(=q) = f(-q,—q¢*) = z (1) qn(3121—1)
= (q; q)r:._ )

We require the following definition of modular
equation.

Definition: A modular equation of degree n is an
equation relating a and S that is induced by

11 11
2F1(§.7;1;1—01) 2F1 (77;1;1—.3)
11 - 11 ’
i(z7i19) Fz:2:56)
where
(@) (b)k
- 3 OO e
oFi(a,b;c;x) = ©)ck! —X |x| <
with
y(a + k)
a = —m—mmm
@ =" @

B is said to have degree n over «a.

2. P-Q ETA FUNCTION IDENTITIES
Theorem 2.1. If
1
P=q73x*(-9)x*(—q*) and Q
2
=q3x*(=q*)x*(—q°)

then
Q*—-P2Q —4P =0.
(2.1)
Proof: We have from [1, p.223]
q° qa’
2 6) — _
q¥(q*)¥(q®) =g T-go 1-gn
q*
1o q%?
2 4
and p(q)e(q®) =1+2 (ﬁ - 1112 + 1Zq4 -
qS
),
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From the above two identities, Berndt [1] established
that

(@ (q°) = e(@e(@®) — (- e(—a*).
(2.2)
It is easy to verify that

_f(=4?) PV
Y(g) = pramy o(@) = f=x(=q),
12 (=q?) f(=q)

o(q) = mf(_qz) and y(—q) = f(—iqz)
(2.3)
Using (2.3) in (2.2), we deduce the required result.
Theorem 2.2. If
P =q7'x(-q)x(—q°) and Q
=q 2 (=q)x*(=q*")
(2.4)
then
Q% — (P2 +8P)Q —16P = 0.
11
Proof : If y = w andqg =e™”
2F1(571%)
we find that [1, p.124, entry 12, (vi), (vii)];
X(=q) = 26(1 — x)T2x 7iq7,
and
1 1 1 1
2(=q?) = 25(1 — x)zax T2g7m.
Using the above two identities, we deduce that

1 2(—
(1-xp=? ( Z)
x(—=q?)
(2.5)
and
1 13-
xe = V205 3
(2.6)

Let S is of degree 5 over a. If

a2z = 492
e
then from (2.5) and (2.6), it follows that
2 _ a2 xM(=a®) )
Bz = 4q> x8(-q10)’ -a)= x*(=q2)

and
(1-pyz =£CC)
From [1, p.280, Entry 13(i)], we see that
@Bz + [(1 — &)1 — B)IF + 2[16af (1 — )(1 —

1
Ble = 1.
Substituting above values, we deduce that
3 Eaxt(-4%) | x*Cax®(-q%)
q x8(=a2)x*(=q1%)  x*(=q®)x*(-q19)
xEaxt(-9°) _ 1
xH(=a®x*(-q10)

Thus

Q% — (P? +8P)Q —16P = 0.
Hence the proof.
Theorem 2.3. If

1
P=q73x(-q)x(—q°) and Q
2
=q 3x(=q)x(=q'),
Then
Q*—P2Q—2P =0.
2.7)
Proof: We have from [1, p.315]
e @e@) =2qp(@P@’) + p(=g*)p(—q').
(2.8)
Using (2.3) in (2.8), we find that

zq 2 14
D= +x(=q*)x(—q'")
X2 x*(=q)
- 2xi(=q")
and then after doing some algebraic manipulation, we
obtain

Q*—P*Q—2P =0.
3. CLASS INVARIANTS

In this section, we give many interesting general
formulas for evaluating the product of class invariants.
Employing general formulas so obtained we give
further values of g,,.

Theorem 3.1 We have

82n82/n = 1

3.1)

Proof: From entry 27 (iii) of chapter 16 of
Ramanujan’s second notebook [4], [1, p.124], we
have, if aff = m? then

e—a/lz Wf(_e—Za) — e—B/lZVEf(_e—ZB)_
3.2)
Consider

82n g2/n

- 2
_ 2_1/2 eﬁ[\/ﬁ+\/;

X(e—n\/ﬁ)x (e—n' 2/n)

-
= 9-1/2 2%

e [ fleem ™) 1 ()
f(_e—ZTtm) f (_e—2n 2/n)

_ gz ] ™) e
f(_e—zn\/ﬁ) 'f(_e—zn Z/n)'

Using (3.2) in the above, we find that
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-
1/2 524

1/4

82n 82/n = 2

\/ﬁ+\/ae%[n\/§—n\/% <E)
n
1

T
X eﬁ[ﬁ_nm] (2n)t/*

Hence the proof.
Theorem 3.2. We have

8in 836n — 287 Bon 84n B3en — 287 86n = 0
(3.3)

Proof: Setting q = e ™™ in Theorem 2.1 and then

using the definition of g,, we find that

P = 2g2 g2 and = 2gZ, g3,,, , where P and Q are as

in Theorem 2.1. Employing these in (2.1), we obtain.
g1n 836n — 281 85n Bin B36n — 287 86 = 0.

Theorem 3.3. We have

85 8500n — 487 83sn 8in 8toon (8n 83sn +2) —
4gp g35n = 0
(3.4)

Proof: Setting ¢ = e ™™™ in Theorem 2.2 and then
using the definition of g, we find that P=
4gt g% and = 4g%, g¥,0, » Where P and Q are as in
Theorem 2.2. Employing these in (2.4), we obtain.

83n 8300n — 487 855n 8in 8toon (81 8osn +
2) — 4g} 835, = 0.

Theorem 3.4. We have

8%n 8%96n — V28n 840n(8n 840n 8an B196n +
1) = 0.

3.5)

Proof: Setting q = e ™™ in Theorem 2.3 and then
employing the definition of g, we find that P =

V28, 8aon and = V284, Z106n » Where P and Q are as
in Theorem 2.3. Employing these in (2.7), we obtain

Gﬁn g%%n - \/Egn 849n(8n 849n 8an 8196n + 1) = 0.

Hence the result.

Corollary 3.1. We have

_|-1+v3
83/,81/, = Y

Proof: Settingn = 1/6 in (3.3), we deduce that

281/, 83, 82/, 86 + 281, 85/, ~ £/, 85 = 0.

Setting n = 3 in (3.1) we have 8682/, = 1. Using this
in the above identity, we find that

4 4 2 .2 4 _
281/6 83, T 281/6 83, 1=0.
Solving the above equation for g1 /83/,» We obtain

_ |13
81/683/, = 2

Since g, is positive for all rational n,

_[-1+3
gl/egS/z_ 2

Corollary 3.2. We have

V1+V2+/3+V6

88872 = —e 7

Proof: Putting n = 2 in (3.3), we obtain
85 872 — 287 81s 85 872 — 285 81s = 0

From [3, P.200], we have g, =1 and g5 =

1
(\/E + \/§) /3. Employing these in the above identity,
we find that

44 32 2 %/
g8 8%, —2(V2 +3) "gi g%, — 2(V2 +3)
=0

On solving the above equation for ggg-,, we deduce
that

gheh, = (VZ +3) 7 (VI +3 £+ 206)

Using the fact that is positive for all rational » and after
some algebraic manipulation we find that

V1+V2+y/3+/6
T

Corollary 3.3. We have

_ V-1+2V2+V3
81,8 = s -

Proof: Setting n = 1/2 in (3.3), we obtain

88872 =

2g‘;/z gg/z g5 8is + 28%/2 gg/z - g5813=0
From [3, P.200], we have g, =1 and g5 =

1
(\/E + \/§) /3. Using these in the above identity we
find that

’/
2(V2+3) 381/2 8o/2 T 281/2 852
4
~(VZ+v3) " =0
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On solving the above equation for 81,89, We find

that

\/—li 11 + 46
VZIVZ+3

Since g,, is positive for all rational » and after some

81/,8%, =

algebraic manipulation we find that

J—1+ 11+ 46
VZIVZ+3

g1/2g9/2 -

Corollary 3.4. We have

1
—1+‘/1+2a6b6)2

2a2p?

g5/2g4s/2 = (

_ 1+v5
= |

where

and

3++6

b={2+vR)E+e) | P

V6—1
— |

Proof: Putting n = 5/2 in (3.3), we obtain

2 g% 850 gg/z gis/z +2 gtzs/z gis/z — 81083 = 0.

From [3, P.200, 202] we have g0 = [** and

o = (2 + V)5 +0)) " (25 + [5).

we find that

Employing these in the above identity,
2a*b* gg/z gis/z +2 gé/z gﬁs/z —a*bh* =0.

On solving the above equation for gs/, g45/2, We
deduce that

1
_ (-1+J1+2a5p5) /2
85/2845/2 =\ ™ L2z ) -

Since g, is positive for all rational n, we find that

1
_1+m> /2

85/2 845/2 = ( 242h2

Corollary 3.5 we have

1
1+ VT 2a505) /2
2a?bh?

85/2 845/2 = (

where

_\/1+\/§+\/2\/§—1
B 2

and

V3 34++2

4

+\/_(\/— \/—)1/6

2
V2-1
4

Proof: setting n = 7/2 in (3.3), we deduce that
2874 8126 8?/2 ggs/z +2 g%/z gé3/2 — 8148126 =0

From [3, P.200, 202], we have

\/1+\/§+\/2\/7—1
2

814 =

and

V3 3+V2

+\/—(\/— \/—)1/6 .

8126 =

2
VZ-1
4

Using these in the above identity, we find that
2 a*b® gg/z 823/2 +2 gg/z gé3/2 —a*h* =0,
Solving the above equation for g7 /, 863/, W€ find that

Y
—1+/1+2abp6) '2
2a2p? :

87/2 863/2 = (

Since g, is positive for all rational n, we find that

1
—1+\/1+2a6b6> /2

2a2b2

87/2 863/2 = <

Corollary 3.6 we have

1
-3 ++/10 /a
81/10 85/2 = -

IJIRT 171053 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 247



© October 2015 | IJIRT | Volume 2 Issue 5 | ISSN: 2349-6002

Proof: Settingn = % in (3.4), we obtain
8 8 _ 4.8 8 4 _4 _
ZgZ/5 g0 — 4 gl/lo gS/2 gZ/S 810
4 4 4 4 a4 4 _
881/, , 85/, 82/, 810 ~ 481/ 85, =0.

Setting n = 5 in (3.1) we have g4, 82, = 1. Using
this in the above identity, we find that

8 8 4 4 1 _
4 g1/10 gs/z + 12g1/10 gs/z 1=0.

Solving the above equation for g1 /108557 We obtain

~3 4 vio\ /4
gl/1ogs/2 - 2

Since g, is positive for all rational n, we find that

_ (—3+w/ﬁ)1/4
g1/10g5/2 - 2 ’

Corollary 3.7 we have

81/2 825/2
1
1/-1-2a" +VIF da* ¥ 4@ F +a2\ /*
= a 2 )
where

1/3
a=% 1+<5+4\/§> (3/1+7x/§+6x/€
+3/1+7\/§—6\/€).

Proof: Settingn = 1/2 in (3.4), we deduce that

4gl) 835,85 880 + 881, €25, 81850+
4g1, 825, — 8385 = 0.

From [3, P.200, 201], we have g, = 1 and

1/3
B L e
+3/1+7\/§—6\/5) .

Employing these in above identity, we find that

4.8 8 4 4 4 g _
4a g1/2 gzs/z + 4(2a* + 1)g1/2 gzs/z a 0.

Solving the above equation for g, /, 8,5/, , we find that

81/2 825/2

1
B 1(—1—2a4i\/1+4a4+4a8++a12) /a
Ta 2

Since g, is positive for all rational n, we find that

1
1 (-1-2a*+/1+4a* +4aB+al? /4
81/2 825/2 = = 2 .

a

Corollary 3.8: We have

88 8200

4
= \/a\/ZaZ(a“ +2) ++/1+ 4a* + 4ad® + a'?,

where

1/3
- 1+(5+4\/§> <3/1+7\/§+6x/€
+3/1+7\/§—6\/€>.

Proof: Setting n = 2 in (3.4), we deduce that

wl

g5 8300 — 485 820 85 8300 —
887 820 8 8300 — 485 830 = 0.
From [3, P.200, 201], we have g, = 1 and

1/3
gs0 =§ 1+(5 +4\/§> <3/1+7\/§+6\/5
+ 14 7vE- wa)

Using these in above identity, we find that

g8 8500 — 4(a* + 2)g4 8500 — 4a* = 0.
Solving the above equation for gg g4, we find that

8s 8200

4
= \/E\/Zaz(a“ +2) +/al? + 4a8 + 4a* + 1

Since g, is positive for all rational n, we find that

88 8200 =

va 4\/2a2(a4 +2)+Val? + 4a8 + 4a* + 1.
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Corollary 3.9 we have

242+ 42
g1/14g7/2= T .

Proof: Setting n = 1/14 in (3.5), we deduce that
Vagi, g% 82,81 +V281 87/, — 82 814 =0.

On setting n = 7 in (3.1) we have 81482/, = 1.
Using this in the above identity, we find that

2 2 2 24—
\/Egl/14 g7/2 + \/Egl/14 g7/2 1 0

Solving the above relation for g,,87 /0 We obtain

(2 EV2+4V2
81/1,87/ = 22

Since g, is positive for all rational n, we find that

_ [—2+V2+4v2
81,87/, = 2V2 '

Corollary 3.10 we have

a?++Vat+2v2a

88 8392 =

\/E )
where
J4+\/§+\/14+4\/ﬁ
a=
8

4
V2 +14+ 414 — 4
+ o .

Proof: Putting n = 2 in (3.5), we deduce that

85 8392 — V283 85586 302 — V28, 8os = 0.
From [3, P.200, 202], we have g, = 1 and

2

<\/4+\/E+\/14+4\/ﬁ+\/\/E+\/14+4\/ﬁ—4)
8 8 :

8o9g =

Employing these in the above identity, we find that

gé g§92 - \/Eazgs 8392 — \/Ea =0.

Solving the above relation for gg g34,, and after doing
some algebraic manipulation we obtain

a?+Va*+2v2a
88 8392 = - G

Since g, is positive for all rational #,

_ a*+Ja*+2vV2a
88 8392 NG
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