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Abstract: In this paper, we compare the energies of
unicycile graphs with cycle C3 (with & number of
vertices, having the unique cycle C3 denoted by G; ),
using the coefficients of the characteristic polynomials
and Coulson integral formula by establishing the quasi-
ordering ‘<’ on the unicyclic graphs of same order k.
Keywords.  Energy;  Characteristic ~ polynomial;
Adjacency matrix A4(G); Coefficient of A’; Unicyclic
graphs; Bipartite graphs.

1. INTRODUCTION

Let G be a simple graph with k vertices and 4(G) be
its adjacency matrix. Let A, ..., 4 be the eigenvalues

5]

of A(G). Then the energy of G, denoted by E(G), is
defined as E(G) = X¥_,|4;].

The characteristic polynomial det(xI - A(G)) of the
adjacency matrix A(G) of the graph G is also called

the characteristic polynomial of G is written as
k

¢(G,x) = Z a;(G) 2

i=0

Using the coefficients a{G) of ¢(G,x), the energy
E(G) of the graph G with £k vertices can be expressed
by the following Coulson integral formula (Eq. (3.11)
in [2]):

5]

E(G) = % /x % 1ogKZ(—1)'ia?,,(G) ;::25>2+(Z(—1)2a%+1(0) :1:21“)2](1:1:.

—0o0

=0

We write b(G) = |ai(G)|. Then clearly bo(G) =1, b1(G)
= 0 and b»(G) equals the number of edges of G.

About the signs of the coefficients of the
characteristic polynomials of unicyclic graphs, we
have the following result:

Lemma 1.1: (Lemma 1 in [3]) Let G be a unicyclic
graph and the length of the unique cycle of G be .
Then we have the following:

i=0
(M bx(G) = (=1)'a2(G),

) b2i+1(G) = (=1)az1(G), if G contain a cycle
of length / with [ = 1(mod 4),

3) b2+1(G) = (=1)"az+1(G), if G contain a
cycle of length / with [ # 1(mod 4).

Thus, the Coulson integral formula for unicyclic
graphs can be rewritten in terms of b G) as follows:

. 5] 2 15] 2
1 (™1 o ,
E(G) = %/ = log[( E bai (G) :1:2") + ( E boir1(G) ;L'Qi“) ]d:{:.
i=0 i=0

— 00

Hence it follows that for unicyclic graphs G, E(G) is
a strictly monotonically increasing function of b{G),
i =0,..,k. To make it more precise, we define a
quasi-order < on graphs as follows:

Definition 1.2: Let G and G» be two graphs of order
k. If b{(G1) < bi(G) for all i with 1 < i <k, then we
write G1 < Ga.

Thus using Coulson integral formula, we have,

Theorem 1.3: For any two unicyclic graphs G and G
of order &, we have,

G 1< Gy= E(G)) £ E(Gy).

Thus, for comparing the energies of any two
unicyclic graphs of the same order, it is enough to
establish the quasi-order.

Using this idea, in Section 2, we compare the energies

of the unicyclic graphs Gig. Gyp. Gy
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and G, (see Fig. 2.1 and Fig. 2.2) with k vertices
having the
unique cycle Cs by establishing the quasi-ordering:

G‘Z,k S G4,k S Gdk S Gl.k.
This would imply, by above discussion,

E(Gyy) < B(G,y) < E(Gy) < E(Ghy)

We note that these graphs are bipartite. For a bipartite
graph G, the characteristic polynomial is of the form

k 3]

oG, x) = Z a; ¢ = Zag_j ak=%

i=0 4=0

(S e

>

asayn=0forj=1,.., EJ . Also, (=1Yaz;= byjand
S0
[EJ . .
¢(G' X) = ijzo(_ 1)}b2jxk_2}
Thus, for a bipartite graph G, the Coulson integral

formula

reduces to

BG) = 5o 1og[(§(_1)w@)
1 o1 L] 2

= 5 QC— log[(Zbgj(G) szj) ](LL,

X(G1 i A) = (N = 1) x(Pioa) — 2(A + 1) x(Pr_s)

)

Also for 1 <i <k, the coefficient of A in )((G{_k; /1) is

(-1

k+i—4 k4i—2 k+i—4
2 2 2

(S50 (M) o
2 2 2

from which the monotonicity of the E(G) with respect
to the b(G), 1 <i <k, follows. i.e., if Gy and G, are
two bipartite graphs of order & such that b(G)) <
bi(G») for all i, 1 <i <k, then E(G)) < E(Gy). i.e., Gi
< Gyimplies E(G1) < E(G»).

2. COMPARING THE ENERGIES OF THE
GRAPHS G},

We note that in the following the binomial coefficient
ay . .
( b) will be zero whenever the number a is not a

positive integer or the number b is not a non-negative
integer.

Theorem 2.1: Let Gy, = (V, X) be the graph with &

vertices given below:

2

i1 J

°
3 4

Fig. 2.1 Graph G;,k

Let A(G{,) = (a;;)be the adjacency matrix of the
graph Gy, . Then, for k& > 4, its characteristic

polynomial y(Gj ,; 1) is given by:

(1)

k—i—1

+2(—1) 2

(2)

k+i—3
2

k—i—3
2

In the above, when £ — i = 1(mod 2), the first sum vanishes and when & = i(mod 2), second sum vanishes.

Proof: The adjacency matrix A(G{‘k) is given by

0

CO = O =
O i O ek

1
1

AGy,) = |0
1.k 0

000

L == B e i e

0

000 0 0]
000 00
000 00
100 00
010 00
000 <~ 1D

The characteristic polynomial of the adjacency matrix A(G{_k) is given by X(G{,k ; l) = |Al — A|, where [ is the

identity matrix of order k. Thus, by expanding the following determinant and the subsequent determinants by

their first column, we get,
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A -1 -1 0 0 0 0 -~ 0 0
1 A -1 0 0 0 0 -- 0 0
1 -1 A -1 0 0 0 -~ 0 0
' 0 0 o -1 X —-10 --- 0 0
O 0 0 0 0 0 0 ~1 A,
A =1 0 - 0 1 =1 0 - 0 1 -1 0 - 0
1 A —1 - 0 1 A -1 0 A —1 0 0
0 -1 A --- 0 0 -1 A\ 0 0 —1 A 0
=Alo 0 -1 -~ 0 Tlo o -1 of —lo o -1 0
0 0 0 A, 0 0 0 Mo, 1o 0 0 A
A -1 0 0 1 0 0 0 A -1 0 0
1 A -1 0 1 A -1 0 1 A -1 0
L0 —1 0 0 —1 A 0 0 —1 A 0
=Xl 0 -1 ol *tro o -1 of —lo o =1 0
0 0 0 AN,, 10 0 o0 Mo, [0 0 0 A,y
1 0 0 0 1 0 0 0 1 0 0 0
1 A -1 0 1 A -1 0 1 A -1 0
0 —1 A 0 0 -1 A 0 0 —1 A 0
+lo o0 -1 of Tlo o -1 of TAlo o -1 0
0 0 0 Mo, |0 0 0 A 0 0 0 M,

= 22 y(Pk=2) = A x(Pk=3) = y(Pk=2) — y(Pk=3) — y(Pk-3) — A y(Pk-3)
= (=1 x(Pie2) = 20+ 1) x(Pi-s),

where y(Pr-) and y(Pi-3) are the characteristic polynomials of the paths P;—- and P containing k —2 and £ — 3
vertices respectively.

In view of (1), to find the coefficient of A’ in ¥(G1,; 1), we find the coefficients of 272 and 2'in y(Pi) and the
coefficients of A7 and A’in y(Ps-3). We make use of the following characteristic polynomial of the path P,:

V(P =S (=1 (” - t) A 3)

k+i—4
—i _ k=i
Putn=%k—2in (3). Ift = % then n — 2t =i — 2, and so the coefficient of 172 1in y(Ps-) is (—1) 2 ( kz_i ),

2
since,n—t=k—2—(k7_i)

_ k+i-4
—

Again by putting n =k — 2 in (3), we obtain the coefficient of A'in y(Pi2)
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k—i-2

to be (1) 2

(k—i—z) k-2
2 - 2

Similarly, by putting n = k — 3 and taking ¢ = <=

k—i-2 k—i-2

by taking t = asn—2t=k—2—2( )=i and n—t=k—-2-

2 in (3), we see that the

k+i—4
k—i—2
coefficient of A"/ in y(Pr3) is (—1)" 2z k—2i—2 Further putting n =k — 3 in
2
k+i-3
k—i-3
(3), we see that the coefficient of A'in y(Pi-3) is (—1) 2 k—?—s by taking
2
p o is3
2
Now by (1), we have,

{Coefficient of A'in x(G{; 1)} =
{Coefficient of A2 in y(Pr3)} — {Coefficient of 7 2in y(Ps2)} — 2{Coefficient of 7 'in y(Ps3)} — 2 {Coefficient
of Afin )((Pka)}.

i3 !
Thus the coefficient ot)‘ n X(Glzk) is given by

.H»t 4 k+i—2
kT.L k—2—i D] k i—2
(_1)2( )_( 1) ( iz)_zl S
= 2 2
k —

i .‘.:—}-'2.5—4 i +2 2 - F.—}-.' 4 il R:-l—;—if»
- (1)7( k—i )+(1) ? (L i— )+2( 1)z (A z) +2(-1) 2 (k—v‘—s)
3 2 5 2

En
Ni
\,____/

H

—

=

wof .

1

o
TN
ol ol
[ s
o b bofes.
| |
Lo wo
N—
[

) k+i—4 k+a 2 A+1 4 ) k+41—3
k"f'n 9 k*t*l )
= (-1)> i ) T\ ki) T2 ia +2(=1) k—i—3 | .
T a3 3 3

We make use of the following well known result for computing the characteristic polynomial of some graphs in
Corollary 2.3.

Theorem 2.2: [1] Let v be a vertex of degree 1 in the graph G and let v, be the vertex adjacent to vi. If G be the
induced subgraph obtained from G by deleting the vertex v; and let G> be the induced subgraph obtained from G
by deleting the vertices vi and v, then,

(G A) =2 x(G; A) = x(G2; 4) (4)

Proof: See Theorem 2.11 in [1].
Corollary 2.3: Let G, G3 and G, be the graphs with & vertices as given below:

4 5 6 k

P o o o oo
Gop: 3 <

o

2 1

5 6 { k

o o o oo
Gy 4 <

o @

3 1

6 7 8 k

Fig. 2.2 Graphs Gy, G and G
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Then, we have,

x(G2i) = Ax(G1 1) — X (Pr—2) (5)
X(Gé,k) = AX(Gé,k—l) - X(G{,k—z) (6)
x(Gax) = A x(Gipe—1) — x(Gap—2) (7)

Theorem 2.4: The coefficient of 4’ in )((Gé‘k) is
poioy [REEZD
+2(-1)"2 (k_f_S) (8)

) k+i—4 k4i-2 k+i—4 k+i—6
(-1)'T SR I R I RPN I I
k—i k—i—2 k—i—2 k—i—2
2 2 2 2 2

In the above, when & — i = 1(mod 2), the first sum vanishes and when k = i(mod 2), second sum vanishes.

Proof: By Corollary 2.3, we have x(G3,) = 2 x(G1 x_1) — X(Px_2). Thus, the coefficient of 2'in ¥ (G, ) =

{Coefficient of A"/ in y(G; ,_1)} - {Coefficient of A'in y(Pi2)}.
k

By putting i =i — 1 and k= k — 1 in Theorem 2.1, we obtain the coefficient of of 2"/ in x(Gy ,_,) to be:

s k+i—6 k+i—4 k+i—6 R i
(=)= (fcz?i)+(k32)+2(kfz> +2(-1) ( ;
2 2 2 p

k+i-2
k—-i-2
Also, by (3), the coefficient of A'in y(Pi>) is (—=1)" 2 k—2i—2

Therefore the coefficient of 'in y(Gj,) is given by,

. k+i—6 k-o-z 4 k'+1 6 i1 k+i—5 . ) k+i—2
=i 2 i 2 =8 2
(=1)7 [( ki )"’ (k i— 2) +2(k i— 2) +2(=1)"> (kiS)_(_l) ? (kiE)
2

2

2
i k—H 6 k+i k+i—6 k+i—2 R k+i—5
ki 2 2 2 - 2
= (-1)z ( ki >+ (A—: 2) (k—i—?) + (k—i—?) +2(-1) (If—i—:i)
2 2 2 2 2
. k+i—6 k+i—6 k+i—4 k+i—6 k+i—2
o i —t 2 2 2 2 2
= ()= ( k—i ) (A i— 2) (kiQ) + (k'i‘z) + (kiQ)
2 2 2 2

2

c-\[\.l

) = k=2 = FFi—16
= 072 )+ )+ (L
k—i k—i—2 k—i—2 k—i—
2 2 2 2
Theorem 2.5: The coefficient of 4’ in )((Gé‘k) is

. k+i—6 k+7 4 k+1 6 k+i—8 k+i—4 k+z 6
- 2 2 2
(_1) 2 [( k—1 ) + (k i— 2) +2(k i— 2) + (ki‘Z) + (kz ) +2(k i— 4)
2 2 2 2 2 2

- k+;—7 k+;—5
+2(=1) (kz&) T (kis) : (9)
2 2

In the above, when k — i = 1(mod 2), the first sum vanishes and when & = i(mod 2), second sum vanishes.

Proof: By Corollary 2.3, we have, (G3,) = 2 x(G5x_1) — x(G1x_2) -
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Thus, the coefficient of 'in x(G3 ) is
{Coefficient of A"/ in y(Gj,_1)} - {Coefficient of 'in y(G ,_,)}.

By putting i = i—1, k= k —1 in Theorem 2.4, the coefficient of A"/ in )((Gz"k) is seen to be

- kti—6 Eti—4 k+i—6 k+i—8 Py k=T
(=)= ( é ) + (k—?—Q) + (k—i—2) + (k—?—?) +2(-1) 2 (k-_i_g)
2 2 2 2 2/

Also by replacing k by k — 2 in the Theorem 2.1, we obtain the coefficient of A’

IHX(GLR):
R # k+t 4 k+2z'—6 R k+;—5
(*1) ? (k—i—2) + (k i— 4) +2( —i— 4>+ +2(*1) ? (k—i—s)
2 2 2 2 )

Therefore the coefficient of A'in x(Gj ) is given by

[ Etizs kti—d kti—6 kti8 oy [T
i 2 2 2 2 SE 2
(1) ( k—i ) + (k—i—2) + (k i 2) + (Ic—z’—2> +2(-1)2 (k—i—‘&)
2 P 2 2 P
k+1 6 keti—d k+i—6 iy i
2 2 2 S 2
ki z) (k—-i—fl) +2(k—i—f1)+ —2(=1) (k—i—f’))
P 2 2 2
k+i—6 kti—d k+i—6 k+i—8
2 2 2 2
(2 ( )L (55 (52
2 2 2

gn
l‘v

= 1

2
( )
2
Theorem 2.6: The coefficient of A’ in )((G‘{_k) is given by
. k—}—z 8 k:—H 6 k+i—8 k+i—10 k—H 6
= 2 2
(=1)= ( k—i )+2(k i 2) +2(ki2) + (k i— 2) +2(k i 4)
2 2 2 2 2
k+z 8 k+i—4 i k+z 9 k‘—H‘. 7
5 ie
+3(k i 4) + (ki4> +2(=1) (k i 3) +2( J) ' (10)
2 2 2 2

In the above, when £ — i = 1(mod 2), the first sum vanishes and when & = i(mod 2), second sum vanishes.

]
/—\

>_1

~—
;-

NF
,_.
| — |
—
z‘- e
Loft
I |
o =1

Proof: By Corollary 2.3, we have, x(G4,) = 2 (G5 x_1) — x(Gox_2)-
Thus, the coefficient of A’ in )((Gli‘k) =

{Coefficient of 2" in x(G3 _,)} — {Coefficient of 2’ in ¥(Gj,_5)}-

By putting i = i~1, k= k —1 in Theorem 2.5, the coefficient of 2"/ in x(G3 )is seen to be
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s k+i—8 k+i— k+i— k+i—10 k+i— k+i—
(_1)T ( é )+ (A ? 2) +2(A ? 2) + (k:—?—Q) + (k ? 4) +2(k ? 4)
2 2 2 2 2 2
o k+;:79 k+5'77
+2(=1) (;”:3) + (kta)
2 2

By replacing k by k — 2 in the Theorem 2.4, we obtain the coefficient of ’in )((Gé‘k):
iio k+i—6 k+i—6 k+i—8 k+i—4 s k+i—T
= 2 2 2 2 17 2
(=1)= (k i— 2) + (k—i—fl) + (k—i—ﬁl) T (k —i— 4) +2(=1) (k—i—f})
2 2 2 2

Therefore the coefficient of A'in )((Gé k) is given by

L k+7 k+z 6 k+t 8 k+i—10 kti—6 k+i—8
it 2 2 2
(*1) 2 ( k—i ) + (A i— 2) +2(k i— 2) + (sz) + (k'i4) +2(ki4)
2 2 2 2 2 2
k+1 k«l»?%?
2 )
—i— k—i—S
2

k—1 . 4+2i—6 k'+§—8 k-+;—4 - k+;'—7
: (k 2) (k—r.—él) + (k—i—4) + (k—i—4) —2(-1) 2 (k—f—s)
5 2 2 2 2

k 1—1

e k+i—8 k+i—6 k+i—8 k+i—10 k+i—6
— = 2 2 2 2
2 2 2 2 2
k+i—8 k+i—4 i1 k+i—9 k+i77
2 2 il 2
+3(ki4) + (k?‘4) +2(-1) (k i 3) +2(k i o)
2 2 2 2
Theorem 2.7: For any graph G, let b{G) = |a{G)|, where a,(G) is the coefficient A'in y(G;A). Then,
bi(Gl,k) > bi(GS\k) > bf(G4,k) > bi(GQ,k).

Proof: We prove that:
(i) Bi(Gyp) = bi(Gyy),

(i) bi(Chp) > bi(Gly),
(i) b:(Glp) = bilGhy)-

Proof of (i): We have two cases to be considered.

Suppose i and k are not of same parity. Note that the coefficient of A’ in )((G{_k) is given in equation (2) and the

coefficient of A'in )((Géyk) is given in equation (9). Also, note that when i and k& are not of same parity, the first
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k+i-3
k—i-1
sum in (2) and (9) vanish and so we need to consider only the second sum (—1)" 2 2 k_?_3 of (2) and the
2
k+i—7 k+i-5
k—i-1 2 2
second sum (=1)7z 2| .75 |+ ,_i_s || of (9).
2 2

Using the binomial identity:
n n—1 n—1
+
T r—1
we expand above sums to obtain:
k+1—3 k+i—5 k«l»zf)
2 2
k—i—3 - k—i—3
2 2
k+i—T7
_ 2 ‘2 2
2 2 2
k+i—T +i k4i—7
_ 2 2 2
(k_i_3)+(k_i_5) +(H_5)
2 2 2 )

Thus, in this case we observe that b;(Gy ) = b;(G3 ).

Suppose i and & are of same parity. Note that when 7 and & are of same parity, the second sum in equation (2) and
equation (9) vanish and so we need to consider

k+i—4 k+i-2 k+i-4
k=i
only the first sum (—1) 2z i + k—%—z +2 k—zi—z of (2) and the first
2 2 2

sum

L k+i—6 k+i—4 k+i—6 k+i—8 k+i—4 k+i—6

= 2 2 2 2 2 2
(—1) ( k—i ) + (k—i—?) +2(k—z‘—2) + (k—i—?) + (k—i—-i) +2(k—i—4)

2 2 2 2 2 2

of (9).

Again by using the binomial identity, we have,

k+i—4 k+i—2 k+i—4
2 2 2
(S5 (52 o)
2 2 2
k+i—6 k+i—6 k+i—4 k+i
_ 2 2 2 2
IEEY )R ()
2 2 2 2
k+i—4 kti— i
2 2 2
+ (Ai2> + (i\ i— 2) (fa i— 4)
2 2 2

k+i1—6 3 3 +i—4 k4+i—4 k4+i—6
— 2 2 2 2 2 2
- ( k—i ) + Q(L—I—Z) + (k—r—cl) + (L—t—z) + (k—z—2) + (k—z—4)
2 2 2 2 2 2
k+i—6 k+i—6 k+i—4 k4i—4 k+i—6 k+i—6
2 2 2 2 2 2
- ( k—i ) + Q(k—i—z) + (k—f—4) + (k—z—Q) + (k—i—?) + (A—:—4)
2 2 2 2 2 2
k+i—6
2
+ I\'t'fl)
2
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Thus we see that: b;(G7 ;) = b;(G3,) . This proves (i).

Proof of (ii):
We show that b;(G3 ;) = b;(GY,) . For this we consider two cases.
Suppose i and k are not of same parity. Note that the coefficient of A’ in )((6’3‘,{) is given in equation (9), and the

coefficient of A'in X(Gf,‘k) is given in equation (10). Also note that when i and & are not of same parity, the first

k+i-7 k+i-5
k—i-1
sum in (9) and (10) vanish and so we need to consider only the second sum 2(—1)" 2 k—%—S + kj—s of
2 2
k+i-9 k+i-7
k-i-1
(9) and the second sum2(—1)" 2 k_§_3 + k—%—s of (10).
2 2
k+i-7 k+i-5
. 2 2 . k+i-1 k—i-1
Consider the term || , 5 . | +| 4_i_s ||- By putting =rand S =5
2 2

we obtain by using the binomial identity,

()« () = (2D +(23)
S L0 R G R [ (O R 9]
(60 R G4 ] R Gy B [ G R (|
(o) (2 {C) - Coat+(20)
- ﬁ(:;“f>+( ;)Hi‘é%(t‘i)
(220 +
(

r—4 9 -3 + r—4
s—1 -2 s—4
k+i—9
2 2
A-—r’—:i) +2 (A-—f—.’))
2 2

k+i—9
2
+ (A:—i—!))
2
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Hence, b;(G3 ;) = b;(Gy ).

Suppose i and k are of same parity. Note that when 7 and k are of same parity, the second sum in equation (9) and
equation (10) vanish and so we need to consider only the first sum

k+i—6 k+i—6 k+i—4 k+i—4 k+i—6 k+i—8
_ 2 2 2 2 2
A = ( k—i ) + 2(k—i—2) + (k—i—4) + (k—i—Z) + 2(k—i—4) + (k—i—2)
2 2 2 2 2 2

(N

of (9) and the first sum

k+i—8 k+4+i—6 k+i1—8 k+i—10 k+i—6 k+i—8
_ 2 2 2 2 2 2
5= (U5 eo(EE) () () (S o)
L 2 2 2 2 2 2
k+4i—4
2
+ ( ki4)
2

of (10). We need to show that 4—B > 0. By substituting ? =r and ? =s,

R G Ry ) s
s (TN 2(00) () (0D (0 e ()~ (C20)
amn = () (D) () (0D () (1)
(02D (0 -G ()
(0 ,) (000
(D) -Co) -0 - (o) ()
)2 - G2 - (L) - G20
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[0+ ()] -2 - ()

Thus 4 — B > 0, proving there by that b;(G3 ) = b;(Gy ).

Proof of (iii): Finally we show b;(GY ;) = b;(G3,). Again there are two cases to be considered.

Suppose i and k are not of same parity. Note that the coefficient of A'in )((Gﬁhk) is given in equation (10) and the

coefficient of A'in X(Glz,k) is given in equation (8). Also note that when i and & are not of same parity, the first

k+i-9
k—i-1
sum in (10) and in (8) vanish and so we need to consider only the second sum 2(—1)" 2 l( f ) +

k—i-3
k+i-7 k+i-5
2 (k_i >] of (10) and the second term 2(— 1) 2 l(k_iS)‘ of (8).
2 2

2
k+i-9 k+i-7
Consider the term (k_f_3>+2<k f 5) By putting —1=rand%=s, we get,
2 2
k+i k+i—7
r r—3

() r2() - ) ()

5 5 s — 5—2
B r—4 r—4 n r—4 n r—3
a s—1 s—2 s—3 5s—2

(9_1) (o)l () (2))
Y R (A R Gy
- (Z_?)+(?;_§)
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Hence, b;(Gy)) = bi(Gy ).

Suppose i and k are of same parity. Note that when i and k are of same parity, the second sum in equation (10) and
equation (8) vanish and so we need to consider only the first sum

k+i—8 k+i—6 k+i—8 k+i—10 k+i—6 k4i—8 k+i—4
5= (5 )l el () () o)+ ()
2 2 2 2 2 2 2
k+i—4 k+i-2 k+i—4 k+i-6
of (10) and the first sum € = < et ) + <k_§_2) + <k_2i_2> + (k_f._2> of (8).
2 2 2 2

Ey(b“)i . (5 i) i : (5 ‘Sf( “0+2(0 23+ (I
o (L5 G2 (2)
poc = (") (TN w2 A () 2 (C00) ve(1 )
(o)) CE)- 2D -6
SO () I V)| GO R Gy B ) (e
(1) (07 - () -0 - ()
() () () (20 () ()
()10 D CE) - C)] - C20)
D) () () (7))
S(0) 200D ()
(
|

-.5
|
= Ut

D)) ()
() D)

S G R A

- () () ()
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r—2>
s—3 _ ‘
Thus B — C > 0, proving there by that b; (G4 ) = b;(G3 ).

This proves the theorem.

Corollary 2.8: For k> 6, we have, Gy = G3) = Gy = G . Consequently,
E(G, ) = E(Gy)) = E(G,,) = E(G, ).

Proof: The first statement follows from Theorem 2.7. The second statement follows from Theorem 1.3.

Remark 2.9: The characteristic polynomial and energy of the adjacency matrix of a unicyclic graphs Gy, G,
Gsy and Gy, for k=7, 8, 9 (by using maple) are given below:

No. of Graphs Characteristic Polynomial Energy
vertices k (approx.)
=7 Gq W= T3 = 2044 1303+ 602 5 — 2 8.9405
Gyq =T =24+ 1283+ 4)2 =502 8.8698
Gz W= 705 =204+ 1223+ 432 4} 8.4554
gy DTS 20 120+ 47— 4) 8.4554

f—g Glg I8 — 86— 215+ 1924+ 823 — 1322 — 64+ 1 10.106
Gl g 5= RIS— 205+ 1814+ 613~ 1242— 42 + 1 9.996
Glig J8— 86— 215+ 1824+ 613 — 122 — 44+ 1 9.996
G J8— 86— 215+ 1824+ 623 — 1122— 20+ | 9.93

o Gy 19— 07— 246+ 2615+ 1044 — 2643 — 1242+ 6, +2 11.4701
Gl 19— 97— 27642505+ 814 — 2423 — 822+ 64+ 2 11.3853
Glig 19— 97— 264 2505+ 874 — 2423 — 812+ 5 11.0603
G 29— 97— 264 2505+ 84— 2323 — 612+ 51 11.0342
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