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Abstract-The W-energy of a semigraph G is the sum of
the absolute values of its W-eigenvalues. In this paper we
show that the graph energy of the classes of paths and
cycles is more than the W-energy of the semigraphs when
some vertices are replaced by middle vertices.
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1. INTRODUCTION

The concept of semigraph is a natural generalization
of the graph introduced by E. Sampathkumar [7]
wherein an edge may contain more than two vertices
having middle vertices apart from the usual end
vertices. A semigraph G is a pair (V,X), where V' is a
non-empty set whose elements are called vertices of G
and X is a set of ordered n-tuples called edges of G of
distinct vertices, for various n > 2, satisfying the
following conditions:

SG1: Any two edges have at most one vertex in
common.

SG2: Two edges (uy, Uy, ..., Uy) and (v, vy, ..., V)
are equal if and only if

(i)m =nand

(ii) eitheru; = v; oru; = vy_;y for1 <i < n.
Thus the edge (uq,uy,...,u,) is the same as
(U Uppeqy wee s Ug)-

If E = (vy,v,,..,1,) is an edge of a semigraph, we
say that v; and v, are the end vertices of edge E and
v; for 2 <i <n—1 are the middle vertices or m-
vertices of the edge E and also the vertices
V1, Vy, ..., Uy are said to belong to the edge E. Two
vertices u and v, u # v, in a semigraph are adjacent if
both of them belong to the same edge.

An edge containing at least one m-vertex is called an
S-edge, otherwise it is called an ordinary edge. A
semigraph with p vertices and g edges is called a
(p,q) semigraph. A partial edge of an edge E =
(vipviyovi,) is @ (k—j+1) tuple E'=

(vij,vijﬂ, ...,vik) where 1 < j < k < n. We say that,

the partial edge E' has cardinality k — j + 1, which we
again denoted by |E'|. A subedge of an edge E =
(vil,viz, ...,vin) isa k-tuple E' = (vih,vijz, ...,vi].k)
wherel <j, <j, < <j, <n

The number of vertices belonging to an edge E is
called the cardinality of E and is denoted by |E|. A
partial edge of cardinality 2 is called a unit partial
edge. The length of an edge E is the number of unit
partial edges of the edge E and is denoted by I(E).
Thus if E = (vy,v,,...,v) then I[(E) =k —1 and
|E| = k. The length of a partial edge is defined
similarly. If the vertices u,v are adjacent, then
(u, ..., v) is a partial edge whose length is denoted by
l(u,v).

Three vertices v;, v; and v, are said to form a triangle
in a semigraph G, if they are pairwise adjacent but do
not lie on the same edge. If the vertices v;, v; and vy
form a triangle in a semigraph then the partial edges
(vi, .. v;), (vj, ., v) and (v, ..., v;) are called the
sides of the triangle.

Let G be a simple graph with k vertices and A(G) be
its adjacency matrix. Let 44, ..., 4, be the eigenvalues
of A(G). Then the energy of G [2], denoted by E(G), is
defined as E(G) = Y¥_,|4;|. The energy of the cycle
C, and the path P, are given by

T
4cosE
-, ifk= 0(mod4);
sin-
k
4 .
E(C) ={— if k = 2(mod4);
sin -
k
2 .
T ifk = 1(m0d2)
sinp
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2 L
o T -2, if k = 0(mod2);
2k + 1)
E(P) = U
Zeosym T D) o
— 52— -2, ifk = 0(mod2).
Sk + 1D

A semigraph may have edges having several vertices
including possible middle vertices apart from two end
vertices. The L-adjacency matrix L(G) = (I;;) of a
semigraph G was defined in [6] to reflect this aspect
by defining
lij
0, if v; and v; are not adjacent or v; = v,
{l(vi, vj) if v; and v; are adjacent,

where two vertices v; and v; are adjacent if they
belong to the same edge.
Given a (p, q)-semigraph G, we define its weighted
adjacency (or W-adjacency) matrix W (G) = (w;;),
where
Wij

0, if v; and v; are not adjacent or v; = v;;

k
Note that W (G) is a symmetric p X p matrix with

entries from Q, the field of rationals. Also, if v;, v; are
(vpvj) _
I(E)

Uy, -, U e the eigenvalues of W(G) (called W-
eigenvalues). The W-energy Ey, (G) of the semigraph
G is the sum of the absolute values of its W-
eigenvalues i.e., Ey, (G) = Y5, |u;l.

In section 2, we show that the graph energy of the
classes of paths and cycles is more than the W-energy
of the semigraphs when some vertices are replaced by
middle vertices.

end vertices of an edge E, then w;; = =1. Let

2. RESULTS

By introducing m number of middle vertices to each
edge of the cycle C,,, the induced semigraph obtained
is denoted by C,,,. Similarly, by introducing m
number of middle vertices to each edge of the path B,,
the induced semigraph obtained is denoted by P, ,.
We compare the energy of C, and B, with the W-
energy of the induced semigraphs by making use of
the upper bound for W energy of semigraphs obtained
in Theorem. 3.7 of [5]: For a (p, q)-semigraph G, we

have, Ey, (G) < /—2phs,,

(ED*(EI+D)
where _hZ ZEEX W

if v; and v; are adjacent lying on an edge of length k.

Theorem 2.1: Suppose k = 9 and k = 3(mod6). Let
Cy/32 be the semigraph with k vertices having S
number of edges each of cardinality 4 as shown below.

" I\
Ay J
Fig. 2.1 Semigraph Cy 3,
Then Ey (Ci/32) < E(Cy).

Proof: By Theorem. 3.7 of [5], it is enough to show
that E(Cy) > y/—2h,k as/—2h,k is an upper bound
for Ey (Cy/32), Where —h, is the coefficient of n*~2
in the W -characteristic polynomial

- B E E|+1
of Cr 3,2 is given by —h, = Ygex % Now, the

semigraph Cy /s, has g number of edges each edge of

cardinality 4 and so, we have,
k 16x5 20

~he =X 3T
and so
J—2h 2 X kak k
2 27 27
Since k isodd, E(Cy) = — and so it is enough to
2

show — > k\/E forall k = 9 and k = 3(mod6).
smﬁ 27

We prove that —— > f\[ifor allx >9.
sin o 3 3

10 10
Putt = —. ThenZ /—=l /—=5,Wherea=
2x 3 3 6t 3 t

E\/ﬁ ~ 0.942. Now we need to show —— > < for
6 3 sin t t

all t < 118 =y, Where y ~ 0.174. Since sin t < t for
allt > 0, we have, t > sin t > asin t forallt > 0
as 0 < a < 1. Thus, we have, Ey (Cy/32) < E(Cy),
completing the proof of the theorem.

IJIRT 171623 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 778



© April 2019| JIRT | Volume 5 Issue 11 | ISSN: 2349-6002

Theorem 2.2: Suppose k = 4(mod6) and Pk+z , be
-

the semigraph with k vertices having % number of
edges each of cardinality 4 as given below:

Fig. 2.2 Semigraph Pi+
=

Then Ey, (P&Z) < E(Py).
=

Proof: Using Theorem. 3.7 of [5], it is enough to show
that E(Py) > \/—2h,k as \/—2h,k is an upper bound

for Ey, (P§2), where —h, is the coefficient of n*~2
2,

in the W-characteristic polynomial of Pk+2 given by

_ |EI2(E]+1)
hy = Ypex 2B Since k is even, we have,

2 -2 Thus, it is enough to show that

E(Pk) =

2(k+1)

— 2> ,/—2h,k. Now, the semigraph Pk+2

2

2(k+1)

has & T number of edges each of cardinality 4 . If we

put k = 6l + 4, then % = 20+ 1 and so, we have,

h, =(2l+1 16><5—2l 120
“hy = @A DX o= QLD

= (6l 320
—(+)ﬁ

and so

J—=2hyk \/(6l+3) xﬂx (6 + 4)

f4o
<(61+4) |55

since 61 + 3 < 61 + 4.
If we show that
2 40
2(6l +5)
for all [ = 2, then this would mean that E(P,) >

v/ —2h,k forall k with k = 16 and k = 4(mod6).
>1+ (6x+4)\/7f0rall

Then we have,

We show that ————

in 2(6x+5)

x> 2.Putt =

2(6x+

10
1+ (6x+4) |

1+(£—1) 10

2t 27
10 w1 10
= — X = |- i J—
27 2|t 27
a
=—+4pf, say,
t
whereazf\/EzOQSSandﬁ:l— LS
21427 27
0.3915. Alsoas x > 2, we have, t = ——— < — =

2(6x+5) ~ 34
y, say, where y = 0.09235.
Now, t > sin t forall t > 0. Hence for 0 < t <y,
we have,
1 1 a 1-«a

. >—-—=—+ )
sint t t t

where
1-a > 1—«a > p
t Y
as 1‘7" ~ 0.484. Thus,
1 14
s t>?+ﬁf0rte (0,7]

Thus E(Py) > Ey, (sz) for all positive integers
-

k = 16 such that k = 4(mod6).

For k = 4,10 (thatiswhen [ = 0,1), it can easily be
checked to show the validity of the theorem and so
this proves the theorem.
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