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INTRODUCTION

The well-known Matrix generated tree structure for
Pythagorean triples is extended to the primitive
solutions of the Diophantine equation x? +dy?-z2 = 0
, Where d is a positive square free integer. This paper,
focused to study the basic structure of the solutions
to the Diophantine equations

x% +d y?- z2 = 0 is determined. Since above equation
is homogeneous, we may assume that (X, y, z) is
primitive. Hence for d =1, all such Pythagorean
triples form an infinite tree with root (3, 4, 5). All
nodes descend to (3, 4 ,5) and each node appears
exactly Once. For each d>1, we construct finite sets
of matrices and finite sets of roots that generate all
the solutions to x? +dy?-z? = 0. Given a primitive
solution (x, y, z) of x? +dy?- z2 = 0, an algorithm to
describes a path (or descent) from (X, y, z) to some
element in the finite set of roots.

Definition 1: Let d be a positive square-free integer
and let M(d) be a set of non-singularmatrices. A
primitive solution (X, y, z) of (1) satisfies Fermat’s
method of descent with respect to M(d) if there exists
an element g of M(d) such that g*. (x, y, z) is a
positive integer multiple of a primitive solution
(X, Y, ) where one of the following holds:

Z-X>7-X

z-x=7-xand z > 7

d>10iseven and (X, y, z) is a binary root, i.e., z -
X =7 - X and z < Z. Inthiscase, (X, Y, z) is
called the copartner of (x, v, z).

Suppose that primitive solution (X, y, z) of (1)
satisfies Definition 1. If the scaled (by its gcd) output
(X, Y, z) successively satisfies Definition 1, we show
for a specific set M(d) that after a finite number of
steps (or descents) the result is a positive integer
times either (1, O, 1) or a primitive binary root.
Moreover, we characterize all binary roots (X, y, z)
and their copartners (X, y, z’) in Theorem 2, and
prove that (X, y, Z) intertwines (X, y, z) indefinitely:
(Xv yv Z)v (X,v y,v Z,)v (Xv yv Z)v (X,, y,v Z,)v etc.

Definition 2: A finite set G of matrices with integer
entries is said to be a generating set

for solutions to (1) whenever the following
conditions hold:

if gisin G and w = (x, y, z) is an integer solution to
(1), then g.w also satisfies (1);and

if w is a primitive solution to (1), then there exist a
positive integer k and a primitiveroot r that is either
binary or (1, 0, 1) such that

k x w = (finite product of matrices from G). r.

The origin of the generating sets G = G(d) is in my
observation that if (X, y, z) satisfies(1), then so does (
X=x-ut,y =y -vt 7z =z - wt)where (u,
Vv, w) is not a solution to (1) and

- 2(ux + dvy — wz)

u2+dv2-w?
y, z) satisfies (1) where u?+d v2 #w?and

or equivalently M(u, v, w, d) . (X,

M(u, v, w, d) =
. —u? + dv? — w? —2duv 2uw
ravicw? —2uv u? — dv? — w? 2vw
—2uw —2dvw u? +v? +w?
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Definition 3: Let d be a square-free positive integer,
and let [7(d) denote 1 is d is even and 2 otherwise.
The Kth seminal matrix S (k,d) is defined by:
_d—(2k-1)
Sk ,d) = @
d+(2d+1) 1.

M(k-1,1,k,d) for k = 0,1,2,3,.....

and S (22, d) = M(d, 1,d,d) . Then for all k

and d, S(k, d) is an integer matrix such that if
(X, y, z) is a primitive solution to (1), then S(k, d) .
(X, y, 2) is an integer solution to (1). Multiplication
by the elementary matrices

1 0 O -1 0 O
e(0) = (0 1 0) , e(1) = ( 0 1 O>,
0 0 1 0 0 1

1 0 O -1 0 O
e(2) = (0 -1 0) , e(3) = ( 0 -1 0)
0o 0 1 0 0 1

will be used to ensure that the components of
solutions are nonnegative. In particular paths from (x,
Y, Z) to a root will be in terms of products of descent
matrices e(j) . S(k, d), whereas paths back to (x, y, z)
will be with products of ascent matrices S(k, d) . e(j).

Theorem 1:

We now show that the only possibility of binary roots
(X,Y, z) defined by Definition 1 is when square-free
d=mn > 10 is even and

X,y,2)=A(m,n,a b)whereb Xn=a(2k). In
this case, the Identity
n A m ,n a b) = 2d%4 (5,2 Jk, 1) reduces
A(m n, a, b) to “ standard’ binary roots of the form
A (g 2,k, 1).Moreover , the co-partner A" (m ,n, a,
b) of

(x,v, z) satisfies n A(m ,n, a, b) =2a24 (2,2 ,k, 1
2

whereb X n=a (2(% — k)). Note that the multiples
n and 2a? will usually be ignored in the descent
process.

The next result of Lemma 2, will play key role in
determining the constant k.

Conclusion to the Proof of Theorem 1:

Let d be a square-free positive integer , G = G(d)” or
G(d)™ and suppose that (x , y ,z) is a primitive
solution to (1), we will show that G satisfies

Definition 2 of a generating set by using the proof to
determine integers

(ki (1= k<230 j0 < i < 3)) and n

such that S(k; ,d).e(j;) (1 <i <n)isin G for the
descent

(e(j).S(ky, d))even.... (e(jp)-S(ky, d))
(x,Vy,2) = K, Where ris either (1, 0,1) or a primitive
binary root, and

K=gcd ( (e(jy)-S(ky,d))ee....... (e(n).- Sk, d)).
(x,y,z)) taking inverses by Lemma 1, we then have

[%H{(d_((sz(,;)_l))z: K, < d+6(2d+1)}]l
x,y,2) = (Stkp, d).e(Gp))...... (S(ky,d).e(ji)).1

Where the coefficient of ( x ,y ,z) is 1 whenever the
product is over the empty set. Finally, since (x, y, )
is primitive and the right side is an integer triplet , the
coefficient of ( x ,y ,z) must be a positive integer and
hence G is a generating Set.

A general interval decomposition

Consider the following possibilities for the set M(d)
from definition 1.

M(d)={e()),S(k,d™1):j and k as in G(d)},
M(d)*={e(),S(k,d™1):j and k as in G(d)*},

M(d)*= {e()),S(k,d™1):j and k as in G(d)**} of
inverses of descent matrices. By Lemma 1, these sets
contain non integer matrices, but in some sense
G(d),G(d)", G@d)™ form theorem 1 will
respectively be their generator completions.

Let (X , y, z) be a primitive solution of (1) , By
Proposition 1, there is a unique factorization d =mn
such that (x , y, z) is either A(m, n, b, a) or
%A( m, n, b, a) for certain positive integers a and b

with b n>a+/d and ged (b n, am) =1. The interval
(a Vd,o ) will now be expressed as a union of
subintervals with the property that if b n is in the kth
subinterval, then there is an element g, of M(d)" or
M(d)** such that g;,~*.{x,y, z} is a positive integer
multiple of a primitive solution {x’,y’,z’} as in
Definition 1. The following elementary result plays
an essential role in identifying the generator g . Itis
expressed in an equivalent form without the
parameters m,n , a, b; and consequently may be used
to determine j and k when dealing with large values
of d that are not feasible to factoring.
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By Proposition 1, for primitive solution ( x , y, z) of
xX+z

1),—= %n; and by the proof, gcd (bn,am)=11is

equwalent to gcd (x, z) = 1.(Actually , ged (x, z) = 1
follows from (x , y, z) being a primitive solution of

1))

Lemma 3: Let (X, y,z) be a primitive solution of (1)

for some positive square-free integer d. Suppose first

d+8(d+1)
2

that integer k satisfies 1< k < S0 that

x/_Zk‘F1<2k—1<\/_2kj_‘/—11<d.

ThenVd < “73' <d; and z — x > zj; — xj, Where
gie-(xy.2) =(e (). S(k, d). (x,¥,2)) = (X Vjko Zjrc)-
Whenever xyﬂ is in any of the intervals in (a) —(c)
except for a specified case of (b)(i):

a) For j =1 and d=6: (2k-1-,/6(d), 2k —
D whereq<k<q+r+1.

Moreover, if xyﬂ = 2k-1, then z,,.-x4,; =0.

b) Forj=3andd> 6, either
i) (2k-1 2k1+\/m)whereq<k<q+
r; and also where k = g-1 when Vd <
2q—1-,/6(d), or
i) (2k-1,vd M) where k > q+r
However, if d> 10 is even and ﬂ =2k < in (b)(i),

then there exists a positive mteger multlple of
(x , y ,2) that is a binary root. This is the only
possibility for part (c) of Definition 1.

c) Forj=2, either

i)\/_<x—+z<dwherek land2<d <5or

x+z

ii) \/_2k+‘/— 1<—<d where d> 6 and

q+r<k<?i \/_+1(x+z) 1_\/—]

In this case, faster convergence is obtained with the
highest possible value of k. Moreover, if ’%Z =d, then

Zoc-X25 =0.
(Note that the case d=1 is a consequence of parts (e),
(f) , and (g) below.)

d+89d+1) d x+z

On the other hand, letk = > d. Then

(Xjk» Vjk» Zjx) satisfies Definition 1 if:

d) (4 =0) d< x7+z < +d(2vd —1). In this case z -x =
ZOk'ka and Z>Z0k.
Proof. Let 1< k< w so that (4) is

straightforward. Remark 4 may be helpful with the
following computations since

e(j).S(k,d).A(m,n,a,b) =
e(j)).(S(k,d).A(m, n, a, b)).

a) Letj=1,and for (xqp, Y1k, Z1x) -
Xlk > 0 C> Zlk +X1k > Zlk - Xlk
< n(am — b)2 —m(bn—a(Rk —1)2 >0

(x+z \/—Zk —Vd- 1) (x+z \/—Zk —Vd- 1) <0

2k—Jd-1 _ x+z 2k+Vd-1
(:)\/a a1 <— \/H Ja1

Similarly
ik >0 Zy + X > Zye — Xux

< (bn—a(2k—-1))(bn—ad) >0

X+Z xX+z

—< 2k—1lor—>d.
Moreover, 2 Z;, = n(d + 1) b? — (4akd) b +
a’*m(d + (2k — 1)? = 0 is a quadratic equation in b

with discriminant -4a*(d — 2k + 1)? < 0.
Evaluating 2 Z,, at b = 4akd , we find that

27y, = 16a’k*d*(n(d + 1) — 1) + a’*m(d +
2k —1)%) > 0,50 Zy,, is always positive.

It follows that the components are all positive if and
only if

\/32':5‘/_51_1 << \/HZRJE‘/— . Next,

n[(z—x)— (Zy — Xiu)] = n[2a®m—69d +

Dm(a(2k — 10) — bn?]
=-8(d + Dd[bn — a2k — 1) — /5(d)]
[bn — a2k — 1) + /8(d)];
And z -x > Zy;, — Xy, if and only if
2k-1-/8(d) <*F <2k~ 1+ /8(d).

Note that it is straightforward to show

VAR o 22 <2k —1-/5(d)
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if and only if

k<s[Va(Vd - /5(d)) + 1+ /5(d))].
By hypothesis , assume that

2k -1-,/5(d)<"—”< 2k —1where q< k < g +
r+1.

By the above, the components of (xj, yj, zjx) are
positive and

Z-X>Zy, — X1k - Since

1
k< (g +7) +/6(d) <5 [VA(Vd —[6(dD) +
8(d)]. There fore by the second equivalence
above, we have that
k—Vd— z
VarEE < 2k-1- 6@ <2< 2k
1<2k—-1+4,/6(d) ; and thus z-x > Zlk — X1k

x+z

Note that Vd < — < 2k — 1 ,it follows that

k>\/a;r1 = ‘/3;3 —1 = g —1; so the hypothesis
that k= q is necessary. Finally, |fE = 2k — 1, then

a(Zye = Xu) = m (FF = 2k - D?) = 0

(b) Letj =3.

Xy >0 o \/—Zk\/_\/_l 1 _ x+z X/EijE\/iq
with X3, > 0, similary

as

Y3k > 0 (=" Z3k +X3k > Z3k - X3k
& (bn—ak—1)))(bn—ad) <0

X+z 2k+Vd-1
o 2k-1< 7<«/— N

Next, z -x > Z3, — Xy, is equivalent to 2k-1 -,/6(d)
< "—” <2k —1+/6(d) asin (a).

x+z

Moreover, z -X = Z3, — X5 if and only if — =

2k —1+4,/8(d) . In this case , if d is even, then (x
,Y,Z) is a binary root by theorem 2.
By direct calculation

\/HZRJ_‘/_ Lif and only if

k< [Vd(Vd — /5(@)) + 1 — /5(d)] since 2k-1 -
Jo(@d) <2k—-1< \/H%by(@,andwe have

the above intervals on xyﬂ for positivity and the

2k—1+.,/86@) <

inequality z -x > Z3, — Xz, it follows that part (a)
of definition 1 holds for (xsx, Y5k, Z3i) if and only if

i) 2k-1< ﬂ < 2k-1 + /8(d) when
k<%[\/_(\/_—w/6(d )+1- ,/8(d)] and

x+z 2k+Vd-1

i) 2k1<®<yd
y Vd+1

Let d> 6 and assume that k< - [Vd(Vd — {/5(d)) +

— J/8(d)] By remark 1, k< q +r. Then 2k-1 <

ﬂ < 2k-1 + ,/8(d) holds where =2 > v/d s0 k>

E[‘/_(‘/__ Jo@) +1]. it foIIows By theorem 2,

a positive integer multiple of (x, y, z) will be binary
root.

otherwise.

(c) Letj=2.
sz > 0 = sz +X2k > sz - X2k

ombn —ak —1)?2 —n(am — b)?) >0

= (- V) (— Va0

& either _<\/—2k \/_11 x+z \/—Zk’, \/— 1

Y2k>0<:>2k-1<"yﬁ <d aswith Y3 > 0.

Z, > 0 s identical to that of Z;;, > 0.

It follows that all components are positive if and only
if

\/—Zk\/_\/:l 1 x;—z <d.

And it is easy to check that
_\/—_ . .
VaZZ= < Jd(Vd - [5(@) if and only if
1
k < -[Vd(Vd - /() + 1 +/8(d)]. Therefore

by (4) and the above results , (x,x, Yok, Zox) fulfils
part (a) of Definition 1 if and only if

VAV - J5(@) <= < d when k<3 [Va(Vd -
J3(@) + 1+ /8(d)], and \/E”‘J‘Td_ﬁ‘l<xyﬂ<d

otherwise.

It follows that

i)\/a<%<dwherek:1and2$dSSOr

X+Z

2k+Vd-1
i) Vd ———— T <, < d whered> 6and
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o+ keI 41 V]

In this case, faster convergence is obtained with the
highest possible value of k.

Finally , if =2 =d | then n(Zy — Xox)
(bn — ad)? = 0.
On the other hand, suppose that k = 2+8@HD) \vhere d

=mn is a square free.
(d) (=0)

Xox >0 & n(Zox + Xor) —n(Zo — Xox) >0

o (bn — 2ad)?-(avd) >0

(:)<X+Z_\/_(2\/__1)><x+z

—Vd(2Vd + 1)) >0

& either =2 < \/_(2\/_ _ 1)0r Hz
Vd(2Vd + 1).

Yor) >0

< bn <2ad<:>ﬂ<2d

Finally, Zy, = n b% — (4amn)b + a’*m(4mn +
1) = 0is a quadratic In b with roots b= (2amvn +

av'mi)\/n. Evaluating Z,, at b = 2am+/n , we have
that

Zoe = a?m (1 +4mn(vi—1)°) >0, so Zy is
always positive. It follows that the components are
positive if and only if x—+z <Vd(2Vd - 1).

Next,z—-x=2a*m=Zy, — Xox.

Moreover , n(z-Zy,) = 4ad(bn —ad) =
2d("—”—d) and z > Z,, since by assumption

ﬂ> d ;50 (d) follows.

Example 1: Letd = (3*5*7*11*13*17 and (X, Yy ,z) =
A(385,663,34,19) =(627443,1292,905413). Then g=
254, r= 127016 and

Vd < 2g-1-V/2. By theorem 1, G(d) ™" .is a generating
set for all primitive solutions; and by corollary 1, we
have the following descent.

Since xyi < d , we start with

xX+z

(@) K = 594 checks out, but =— #2k-1. Our first

descent matrix is
e(1).S(q+340,d).(x,y,z)=(17573773279,80091,
17573819864)

= §A(385,663,7281,11) = (xt yL,2Y
Note that z — x = 277790 > z%-x! (=46585).

Replacing (x , y ,z) with (x* ,y*,z),we return to (a)
where now

xX+z

— > d. Thus with k— =g+r+358, we check (d)
holds Our next descent is e(O) .S(q+r+358,d).(x ,y z)
=(468625219,13079,468671804) =
EA(385,663,1189,11): (x* ytzY). Then z — x =
46585 = z1-x*.

Replacing (x , y, z) with (x! ,y%,z%),since == < d,

we are back to (a) both possibilities for k fall. So we
goto

(b) (i) Here k =126219 = g+125695 and the next
descent matrix is
e(3). S(g+125965 ,d). (x ,y ,z) =(95611 ,17,95996)

=~ A(385,663,17,11) = (x* y.2) and

z-x =12320 > z'-x* (=385). Replacing (x , y, z) with
(x* ,yi,z%),since XTH < d, we are back to (a)
k = 5636 =q+5382 checks out: and

xyﬂ = 2k-1 so we are done with Z;;, — X;,=0.

So our final descent matrix is
e(1) . S(q+5382,d). (x,y,z) = (22446528
,0,22446528).

Trees of Primitive Solutions

A tree of the primitive solutions to (1) is an infinite
network of nodes where each node branches ( in our
case via ascent matrix multiplications) to a number
of subsequent nodes, with the totality giving all , and
only , primitive solutions without duplication. By
theorem 1, trees exist when d is 2 , 6, or any odd
square-free positive integer. For any other even
square-free d, the primitive solutions are attained
from a finite forest of such trees.

Specifically, for any given node (X, y, z) there is a
unique path via descent matrices back through the
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tree to either (1,0,1) or a primitive binary root; i.e., if
(x,y,z)isnotaroot, then exactly one of the matrices
g in M(d)" or M(d)™ exists such that g*.(x , y, 2)
produces a new node (X, Y, z) that satisfies Definition
1.

In the classical case d =1, the tree of primitive
solutions is derived by simply taking all possible
ascending products of three generators stemming
from (1, 0,1). This is possible since products always
produce distinct primitive solutions in this case.

For square-free d > 1 , families of generators are
defined for the primitive solutions that satisfy the
requirements for a tree structure with four exceptions
that may easily be remedied by adjusting or removing
improper branches.

Let G denote G(d)" or G(d)™, and let g = S(k , d).e(j)
be in G. Reversing the descent notion of definition 1,
Assume (X, y, Z) is a primitive solution of (1).

g X,y,2)=(,y 2) and, as in the proof of
Theorem 1,

e(j). S(k, d). (x,y.,z) =i (X, Y, z) satisfies Fermat’s
Descent method for some positive integer i'. Unlike
the case d = 1, it is necessary to consider the
following anomalies.

Al) The components of (x, y, z) may not all be
positive

A2) The components of (X, y, z) may be positive but
not relatively prime.

A3) For some odd square-free d, there may exist g in
G such that the binary root conditions z-y =z -y in
part (cO of Definition 1 hold:

A4) There are duplicate nodes in the first level of the
derived tree that must be pruned. They arise form the
subsets

{S(g+s,d).e3).w,S(q+s+1,d).e(1).w}(0<
s<r)

For some primitive root w as follows.

i)  For odd square-free d= 13, the nearest nodes

in the abutting sets agree when w = (1,0 ,1):
{S(@+s+1,d).e(1).w,S(q+s+1,d).e(3).w}
(0<s<r)

Since e(1) . w=¢(3) .w

ii) For even square-free d= 10 and standard binary
rootw=A4 (% 2,k, 1) as defined in Theorem 2, there
exists a unique s in [0, r] such that

S(q+s,d).e(3).w
gcd[S(q +s,d),e(3).w]
S(g+s+1,d).e(1l)w
- gcd[S(g+s+1,d),e(1).w]

iii) The interval decomposition in the proof of
theorem 1 is disjoint except for the intervals
corresponding to  the  descent  matrices
e(3). S(q +s,d) and

e(1). S(g+s+1 ,d) when d is odd. If (x,y, z) = A(m,
n, a, b) is a primitive solution to (1) such thatb x n is
in the intersection

[(a(Z(q +s)+1)+1- \/f), (a(Z(q +s)+1)+
1 —+/2)] of these intervals, then there exist two
distinct paths form (1,0,1) to (X, v, 2).

CONCLUSION

we proposed one of the method to generate A tree of
the primitive solutions to (1) is an infinite network of
nodes where each node branches ( in our case via
ascent matrix multiplications) to a number of
subsequent nodes, with the totality giving all , and
only , primitive solutions without duplication. By the
b x n-interval decomposition of (avd., « ) in the
proof of theorem 1, the only way that distinct paths
may arise form (1,0,1) to (X ,y,z) is by A4. Moreover,
the only nontrivial anomalies when d is even are Al
/A2 , and A4. By the parametric intervals method of
descent , after some modifications at each level, the
primitive solutions of (1) satisfy requirements for one
or more tree structures with generating sets G(d)* or
G(d)™.
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