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Abstract - In this paper focused to study the well-known
matrix-generated tree structure for Pythagorean triples
is extended to feprimitive solutions of the Diophantine
equation Px%+ y?-722 = 0 .cceceennennnnn. [1] where P is a
positive square-free integer. Also, focused to study the
basic structure of the solutions to the Diophantine
equations px? +y?- z2 = 0 is determined. Since above
equation is homogeneous, we may assume that (X, y, z)
is primitive. Hence for p =1, all such Pythagorean
triples form an infinite tree with root (3, 4, 5). All nodes
descend to (3, 4 ,5) and each node appears exactly Once.
For each P>1, we construct finite sets of matrices and
finite sets of roots that generate all the solutions to Px?
+y2-z2 = 0. Given a primitive solution (X, y, z) of Px? +y?
- 22 =0, an algorithm to describes a path (or descent)
from (X, y, z) to some element in the finite set of roots.
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INTRODUCTION

The well-known Matrix generated tree structure for
Pythagorean triples is extended to the primitive
solutions of the Diophantine equation Px? +y?-z> = 0,
where P is a positive square free integer.

The essential idea of a generating set for solutions of
(1) is a variation of Fermat’s method of descent that
requires the following to be true for special related
sets of nonsingular matrices:

Definition 1: Let p be a positive square-free integer
and let M(P) be a set of nonsingular matrices. A
primitive solution (X, y, z) of (1) satisfies Fermat’s
method of descent with respect to M(d) if there exists
an element g of M(P) such that g (x, y, z) is a
positive integer multiple of a primitive solution (X,
Yy, Z) where one of the following holds:

a)z-y>7-y
by z-y=7Z-yand z > 7

c) P>10isevenand (x, Y, z) isabinary root, i.e., z
-y =7 -y and z < 7. Inthiscase, (X, Y, Z)
is called the co-partner of (X, y, z).

Suppose that primitive solution (X, y, z) of (1)
satisfies Definition 1. If the scaled (by its gcd) output
(X, Y, Z) successively satisfies Definition 1, we show
for a specific set M(P) that after a finite number of
steps (or descents) the result is a positive integer
times either (1, 0, 1) or a primitive binary root.
Moreover, we characterize all binary roots (X, y, z)
and their copartners (X, y, z’) in Theorem 2, and
prove that (X, y, Z)) intertwines (x, y, z) indefinitely:
(Xv yv Z)v (X,v y,v Z,)v (Xv yv Z)v (X,, y,v Z,)v etc.

Definition 2: A finite set G of matrices with integer
entries is said to be a generating set for solutions to
(1) whenever the following conditions hold:

if gisin G and w = (X, y, z) is an integer solution to
(1), then gw also satisfies (1); and
a) if w is a primitive solution to (1), then there exist a
positive integer k and a primitive root r that is either
binary or (1, 0, 1) such that

k x w = (finite product of matrices from G). r.

The origin of the generating sets G = G(P) is in my
observation that if (x, y, z) satisfies(1), then so does
(X=x-ut,y =y-vt Z =12z - wt)where
(u, v, w) is not a solution to (1) and

_ 2(PUx +vy —wz)
S v M(u, v, w, P)

. (X, Y, z) satisfies (1) where Pu?+v? #w? and

or equivalently

M(u, v, w, P) =
—pu? +v? —w? —2puv 2puw
m( —2puv pu? —v? —w? 2vw )
—2puw —2vw u? +v? + w?

Definition 3: Let P be a square-free positive integer,
and let [J(p) denote 1 is P is even and 2 otherwise.
The K th seminal matrix S (k,P) is defined by:
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S(k P) === f(") Y M(k-1,1,kp) for k = 0,1.2,3,.....

PR and 5 (P p) = M(p Lp.p)

Then for all k and d, S(k, p) is an integer matrix such
that if (x, y, z) is a primitive solution to (1), then
S(k, P) . (X, vy, z) is an integer solution to (1).
Multiplication by the elementary matrices

1 0 O -1 0 0
e(0) = (0 1 0) , e(h) = ( 0 1 O>,
0 0 1 0 0 1

1 0 0 -1 0 0
e(2):<0 -1 0>,e(3):<0 -1 o>
0 0 1 0 0 1

will be used to ensure that the components of
solutions are nonnegative. In particular paths from (x,
Y, Z) to a root will be in terms of products of descent
matrices  e(j) . S(k, p), whereas paths back to (x, y,
z) will be with products of ascent matrices S(k, P) .
e(j). Our main result is

Main Result:
Theorem 1: For any positive square-free integer P,
{sGP).e(:1 < k <

R0 o o 3} generates all  primitive

solutions to (1).

the set G((P) =

Proof : Minimal generating subsets of G(P) are G (P)
*and G (P) ** defined as follows: If P = 1, then G

P) * = {S(E*.,P)e):1<j<3} and
If P=2,3,orb5,then

p+I(P+1)

G(P)*= {S(1,P).e(2Q)}US(———
1 <j<3}

,P).e(j) :

Finally forp>6, letq = floor(r”)

r = floor {%\/5(\/5 -JBP)-(2q-1+
JE®)}-

And G (P) *={S(q +s, P).e(1),S(q+s,P).e@3):
0<s<r+1} U

p+l(P+1)

{S(@+r+1,P).eQIU{S——=p).e():0<

j <3 },which is clearly represents as follows

a 2q-1+B(P)<,/p, then G (P) * is a

generating set for all primitive solutions.

b) On the other hand, if 2¢q -1+ .8(P) >
Jp then

GP)*={S(g-1,P.e@IUG (P *isa
generating set.

Remark 1: Since x - 1 < floor(x) < x for irrational X,
we have the following useful bounds: g + r <

%\/E(\/E—)—(—1+)<q+r+1.
Parametric Representation:

From References [1],[2],[3] we can go to define
following Propositions:

Proposition 1: Let P be an even square-free positive
integer. The primitive solutions (x , y, z) of (1) are
exactly of the form

Am, n, b, ) = {y =nb?>—-ma?x =2ab,z=
nb? + ma?} for positive integers m, n, a and b such
that P=mn, bn>a\/5 and gcd (b n, am) =1. On the
other hand, if p is an odd square-free integer, then the
primitive solutions (X, y, z) of (1) are given exactly
by the following: wheny iseven, (x,y, z) = A(m, n,
b, a) as defined above where, in addition, aand b are
opposite parity, And when y is odd

x,y,2)= %A(m, n,a, b) where a and b are odd.

Proof: Suppose that (x , y, z) is a primitive solution
of (1) that may be written

p() = () whenyiseven o,
= (z—y)(z+y),otherwise

Assume first that P is even. Then by (1) , x and z have
the same parties ,

Px? = (z—y)(z+7y) where z-y and z + y are
even, and since P is square-free, x? and x are even. It
follows that y and z are odd since (x, y, z) are
primitive. And by (2), each prime factor (including
2) of P divides either (2X) or (22), i.e., there exist
square-free integers m and n such that P = mn and
2 _
p (g) = (%) (z;—ny> Moreover, any prime divisor
of (ﬂ) or (”—y> must be 1 since it also divides
2m 2n

”Ty (i.e.,y, x and z). Consequently,

=y
2m
by the prime factorlzatlon theorem.

= a?and —= +y = b? for positive integers a and b
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Solving for (x,y,z) we have (x,y,z)=A(m,n
,8,b) wherebn>a \/5 . Moreover, gecd (b n, am)
=1 ifand only if gcd ( b%n, a?m) = 1 if and only if

ged (? ,”Ty):l if and only if ged (y, z) = 1.

Let p be a prime divisor of x and z. Then p? divides

X

2
p (E) by (2) where p may be at most one factor of P.
It follows that p divides g (and y) so that p =1 since

(X, y, z) is primitive. A similar argument may be
made when p is odd.

Remark 2: For a fixed factorization P = mn # 1 of
square-free P and primitive solution (X, y, z) of (1),
we have the following simple criteria for types:
a) (X,¥,2)=A(mn,b,a)ifand only if % isasquare
integer.

b) (x,y, 2) = % A (m, n, b, a) if and only if % is a
square integer.

These ensue directly from Proposition 1: For (a),

Y — 42 so we show that the condition =2 is a
2m 2m

square integer holds only in this case. The other
possibilities are X,¥,2) =A(m, n b, a) where
ged(bm ,an) =1.

_ 2
But in this case, % = % + square integer, since gcd
(m, n) =1=gcd (m, a).

_ 2
x,y,2) = %A (m, n, b, a) where % = a? is not a

square integer.

x,y,2) = % A (m, n, b, a) where gcd (bm ,an) =1.
And again, in this case,

2=y _na : : 1=
S = - #square integer, since gcd (m, n) =1=gcd

(m, a). hence (b) is similar.

Remark 3: The proof of Proposition 1 shows the
following concerning the parametric representations
of primitive solutions (x , y ,z) of (1) for square-free
d: If yiseven,then(x,y,z)=A(m,n a, b)where
m is the product of the common factors of d and ?;

and n = £, Moreover, a = /ﬂ and b= /“—y In this
m 2 2
case, if p is odd, then a and b are of opposite parity.

On the other hand, if y is odd, then d is odd and (x, v,
2) = %A (m, n, b, a) where m is the product of the

common factors of d and z-x; and n = %. In this case,

a and b are odd such that a = [? and b= [”Ty

Remark 4: Since A(m , n, b, a) = nb%(1,0,1)+
2ab(0,1,0)+ ma?(—1,0,1) expressions involving
S(k, P) . A(m, n, b, a) may be simplified accordingly:

If k<22 then @(P) S(k, P). A (m, n, b, a)

= nb%A(1,p, 1,1)+2ab(2P(k-1), P+(2k-1),2PK)+
ma2A(p, 1,2k — 1,1)

Otherwise,
B(P).s (P22, d)) . A(m,n, b,a) =
nb2(1,0,1)+ 2ab (2P,1,2P)+ ma?A(1,p, 1,2).

The next result will be useful in expressing primitive
solutions in terms of a generating set according to
Definition 2.

Lemma 1: The descent and ascent matrices are
related by inverse formulas for j, k and P:

e(j),S(k,p)™"
p+B0(p+1)

(

{' S(k,p).e() ifk= >
V- Ck-1N?

k<) S(k,p).e(j) otherwise

Proof: Suppose that (X, y, z) is a solution to (1) and
pu? + v? # w2, By the definitions of M and t given
in section 1, M(u, v, w, P) .(X,y,2) = (X =X-
ut, ¥y =y - vt 7z = z - wt)

is a solution to (D) such that
M(u,v,w,P).(X,y,2)=(x"=x-ut,y =y -
v ot z' = z - w t)
where t' = -t. Consequently, (X", Yy, 2) = (x,Vy ,2)
and Mu,v,w,p)? (x,y,z) = (x,y,2).

For every solution (x , y, z) to (1). In particular, By
proposition 1, this identity  holds  for
x,y,2)=A(1p, P+2n-1,1) where ( n = 1,2,3).
Since the determinant of the matrix with these
solutions as rows is -64p # 0 , we have that the
solutions are linearly independent and therefore
M(u,v,w,p)? is the identity matrix, Lemma 1 is
now immediate since the vectors (u , v, w) in the
definitions of the seminal matrices S( k , P) satisfy
pu? + v? # w2,

Theorem 2: We now show that the only possibility of
binary roots ( X, y, z) defined by Definition 1 is when
square-free P=mn > 10 isevenand (x,Vy, z) = A(
m, n, a, b) where b X n = a (2k) . In this case, the
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Identity n A(m n, a, b) =2a%4 (g 2,k, 1) reduces
A(m ,n, a, b) to “standard’ binary roots of the form
A (g 2,k, 1).M0reover , the co-partner A" (m ,n, a,
b) of ( x,vy, z) satisfies n A( m ,n, a, b) =
P _ P
2a%A (5, 2.k, 1) where b X n=a (2(5 - k)). Note
that the multiples n and 2a? will usually be ignored in
the descent process.

The next result of Lemma 2, will play key role in
determining the constant k.

Lemma 2: Let P> 6 be a square-free even integer,
The following are equivalent.
a) P =4q+2r -2

b)Jp<2(q@-1

c) riseven

Similarly the following are equivalent:
d) P=4q+2r

e)yp>2(q -1
f) risodd

Proof: Let P >6 be even and square-free,

(@) = (c), If P = 4q +2r -2, then g = 2q-1)+r.

SO r is even since g and 2g-1 are odd.

d = (), similar to (@ = (o).
(b) = (a). Assume that \/p < 2(q — 1). Then by the
definitions of gand r,

4q+2r2<4(2(Jp+3))+2(C (P -1) -
Zq])) —2

=p+[/p—2(q - D] +2 <p+2

By the assumption. Since 4q +2r -2 and P+2 are even
integers, we have that 4q +2r -2< P. Moreover, as in
Remark 3,

4q +2r -2 > 4q +2 ((% [Vp(yp - 1) - Zq])) ~2
=[2(¢-1) - /p] -2 <P-2
So 4q +2r -2= p and (a) follows.

€ = (.

Then in this case,

4q+2r2<4(2(fp+3)) +2(C (P -1) -
Zq])) —2

Assume that /p >2(g—1).

=p+[\/p—2(g—D)] <p

By assumption, Since 4q +2r -2 and d are even,
4q +2r -2< p.

In addition, 4q +2r> 4 <% (Jp+ 3)) +

2((E PP - 1) - 24])) - 1= p+[Vd - 2(q)]

> p-2.

Since 4g+2r and p-2 are even, 4q +2r = p and (d)
follows.
(@) < (b) It remains to show that (a) = (b). Assume

that d = 4q +2r-2. Then either /p <2(q—1) or

Jp>2(g - D).

However, if \/p > 2(q —1),then by (e) = (d),
p = 4g+2r which is false in this case, so \/E<
2(q —1). (d) & (e). We only need to show (d) =
() , which is similar to (@ = (b).
(c) & (a). It remains to show (c) = (a). Assume that
riseven. Either \/p <2(q —1)or/p > 2(q — 1).
By the equivalences (@ = (b) and
(d) & (e) , either p= 4q+2r-2 or p= 4q+2r. But if

p = 4q +2r, then % = 2q +r so r must be odd

(a Contradiction). Since g is odd and 2q is even.
It follows that p = 4q+2r -2 and (a) results.

() & (d). Similar to © < (a).
By Lemma 2, we have the resulting characterizations
of binary roots and their co-partners.

Conclusion to the Proof of Theorem 2:

Let d be a square-free positive integer , G = G(p)” or
G(p)™ and suppose that (x , y ,z) is a primitive
solution to (1), we will show that G satisfies
Definition 2 of a generating set by using the proof to
determine integers

(ki (1 < ki < %)'11(0 S]l < 3)> and n

such that S(k; ,p).e(j;) (1 <i<mn)isin G for the
descent

(e(1)-S(ky,p))- v (e(n)-S(kn, P)) - (X, Y ,2)
=K

Where r is either (1, 0,1) or a primitive binary root,
and

K =gcd

((eGr).-S(k1,P))- - (e(n)- S (kn, P)). (x

.Y ,2)) taking inverses by Lemma 1, we then have
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[ln{(w)z: k; < %}] Xy, 2)=

K 8(»)

(S(kn, p)-€(n))..... S(k1, p)-e(jr)). 7

Where the coefficient of ( X,y ,z) is 1 whenever the
product is over the empty set. Finally, since (X, y, z)
is primitive and the right side is an integer triplet, the
coefficient of ( X,y ,z) must be a positive integer and
hence G is a generating Set.

Theorem 3: Let Square-free integer p= 10 be even,

S5
there are exactly r+o(ri1)

follows.

standard binary roots as

Letk =q +i +1- 6(r + 1) for some integer I in [0, g].

Then - k >k and we have the cycle:

(22 )

k,p)).A(g,Z,g— k1)

=A(g,2,k,1)

It follows that A (g 2,k, 1) is a binary root with co

(e(3).5(k,p)).A(2,2,k 1) =4

and

(e(3).5(§ _

partner A (g 2,5 — k, 1) by definition 1. Moreover,
if g(k) = ged (K, g), then

aG2k1) = 90 4( 22000,

k . S
Where A(2 Pk g(k),ﬁ,l) is primitive; and
similarly
14 14 B
A(E'Z'E_ iz 1) (k)A(z k)’ 9k, 2g(K) )

P_k
h A( 2 ’1) . imitive.
where A { L 2 g(k) PTs is primitive

Proof: Let Square-free integer P> 10 be even. Then
g=3 and r= 0.
Suppose first that r is even and k = q — 1 + i where
0< i Sg. By Lemma 2 , P = 4g+2r-2 and g—kz q
+r — | > k. By remark 4, Since ks g —1+2<

p+S8(p+1)

5 = 2q+r,

(e(3).S(k, p)). A (g,z, k,1) = 2k%{1 -
p,—2,p+1}— 2k(2p(1 — k),1 — 2k —
p.2pk} +2{p — (2k - 1)?, —2(2k — 1),p +
(2k — 1)?}, Moreover,

43.201) =231 - 323~
k),z(g— k)2+§}. Expanding and comparing

each component, we have proposed equation.

By Proposition 1 , A (2,2, k, 1) is a solution to (1)

(2)2 is even and 2(2— k)>ﬁ:
z(g— k)=2(q+r—i) >2k > \/p by the first
case.

since p =

By the proof of Proposition 1, A(g,z,k, 1) is
ged (2k 2 ) =1

(or equivalently: ged (k , g) =1,since P is square free).

primitive if and only in

The proof of the equation when r is odd is the same
as in (a) except for different values of the variables.
Furthermore, A (2 ,2,k, 1) is a solution to (1) since
P= (2) 2 isevenand 2k > /p : by the definitions of
k and q, we have 2k = 2 (q + i) = 2g>
2 (@ _ 1)> iti P 5P _

- JP - Additionally, A (2,2, Lk, 1)
is also a solution by the first case as in part (a). For
the corresponding relations, simply replace k by g —
k in the algebraic part of above proof.
Finally, by the proof of Proposition 1, A (2,2,2—
k, 1) is primitive if and only if gcd(2(§ - k),g) =1

P 12N
Factoring g(k) = ged (k ,2) out of A (’2—’ 2,k, 1) and

(or equivalently as above :

A (g 2,% — k, 1) are straight forward computations.
The first result is primitive since 3 is square-free and
ged (k, 3 (k)
g(k) is also gcd (E -k, E)'

) =1. And the second is similar since

A general interval decomposition:

From References [1],[2],[3] , Consider the following
possibilities for the set M(d) from definition 1.

M(p) = {e(j), S(k,p™):j and k as in G(P)},
M(p)*={e()),S(k,p™"):j and k as in G(p)"},

M()**= {e()),S(k,p™1):j and k as in G(p)**} of
inverses of descent matrices. By Lemma 1, these sets
contain non integer matrices, but in some sense
G(p),G()", G(p)™ form theorem 1 will
respectively be their generator completions.
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Let (x , y, z) be a primitive solution of (1) , B
Proposition 1, there is a unique factorization P = mn
such that (x , y, z) is either A(m, n, b, a) oréA( m, n,
b, a) for certain positive integersaand b withbn>a
J/p and gcd (b n, am) =1. The interval (a \/p, )
will now be expressed as a union of subintervals with
the property that if b n is in the kth subinterval, then
there is an element g, of M(p)* or M(p)™* such that
gp “Ax,y,z} is a positive integer multiple of a
primitive solution {x’,y’, z’} as in Definition 1. The
following elementary result plays an essential role in
identifying the generator gj,. It is expressed in an
equivalent form without the parameters m,n , a, b;
and consequently may be used to determine j and k
when dealing with large values of d that are not
feasible to factoring.

By Proposition 1, for primitive solution ( x, y, z) of
1), 22 = —; and by the proof, gcd (b n,am) =1 is
equwalent to ged (X, z) = 1.(Actually , gcd (x,2) =1
follows from (x , y, z) being a primitive solution of

1))

Lemma 3: Let (X, y,z) be a primitive solution of (1)
for some positive square-free integer P. Suppose first

that integer k satisfies 1< k < % so that
p2k VD- 1<2k—1< \/—2k+\/_ 1
Then /p < y7+z <p; andz —y > zj, — yj; Where

gii-(xy.2) _(e(f) S(k,p). (%, ¥,2)) = X, Vjies Zjxe) -
Whenever 2Z is in any of the intervals in (a) —(c)
except for a specified case of (b)(i):
a) For j =1 and P>6: (2k-1-/6(p) , 2k—
Dwhereq<k<q+r+1.

Moreover, if xyﬂ = 2k-1, then zj,-x;, =0.
b) For j = 3 and P=6 , either
i) (2k-1 ,2k-1+/8(p)) where q <k < q+7; and
also where k = -1 when \/p < 2q — 1 —/8(p) , or

i) (2k-1, |/p 22 2"” 2P where k > .

However, if P> 10 is even and ﬂ =2k < in (b)(i),

then there exists a positive mteger multlple of (x,y
,2) that is a binary root. This is the only possibility for
part (c) of Definition 1.

c) For j=2, either

|)\/§<

“<pwherek=1and2<p <5 or

i) /p Zk\/t\/; L < 2% < p, where p=> 6 and

grrenet ) 1 )

In this case, faster convergence is obtained with the

highest possible value of k. Moreover, if yTH =p, then
Zak~Yak =0.

(Note that the case p=1 is a consequence of parts (e),
(), and (g) below.)

On the other hand, letk = p+5(2p+1) nd 222 > p. Then
(Xjk» Yjk» Zjx) satisfies Definition 1 if:

d) (j =0) P< yT+z </p(2\/p —1). Inthis case z -x =
Zok-Yox and z>zgy.
e) (j=1), \/_(2\/_—1)<x—+z<2d

Inthiscase, z—y >z -y and z > zy.

Moreover, if yT” = 2p, then zy-y,;x = 0.

f) (=2) == > \/p(2,/p +1). In this case, z - y >

Zok-Yar and 2>z,

9) (=3) 2p< y+z<\/—(2\f+ 1) in this case ,
Z—Y > zz-ya and 2>z

Proof. Let 1< k<w so that (4) is

straightforward. Remark 4 may be helpful with the
following computations since
e(/).S(k,p).A(m,n,a,b) =
e()).(S(k,p).A(m,n,a,b)).

(a) Let j=1, and for (x1x, Y1r, Z1k)-:
Xlk >0 Zlk +X1k > Zlk - Xlk

< n(am — b)? — m(bn — a(2k —

1D2>0
y+z 2k—p-1 y+z 2k—p—1
(:)(x Vp-1 )(x \/5—1)<0
2k— \/— 1 _z 2k+p-1
(:>\/_ < 1

Similarly
Vig >0 Zy + Y1k > Z1ie — Yk

< (bn—a(2k—1))(bn—ap) >0
AL Zk—lory—”>p.
X X

Moreover, 2 Zy, = n(p+1)b%— (4akp)b +
a’m(p + (2k — 1)? = 0 is a quadratic equation in b
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with discriminant 4a’(p — 2k +1)%2 <.
Evaluating 2 Z,, at b = 4akp , we find that

2 Zix = 16a%k*p?(n(p+ 1) — 1) + a’*m(p +
2k — 1)?) > 0,50 Zy, is always positive.

It follows that the components are all positive if and

only if \/—ZR AL \/_ka_ 1 Next,

n[(z-y) — G —yu)l =
Dm(a(2k — 10) — bn?]

= §(p+ Dd[bn—ak—-1)-./6(p)] [bn-
a2k — 1) +./8@)];

And z -y > Z;;, — yqi if and only if 2k-1 -,/6(p) <
2 <2k — 1 +/8(p).

n[2a*m — §(p) +

Note that it is straightforward to show

2k—p-1 + . .
) \/5_”1 <¥Z<2k~1-./8(p) ifand only if

k < SWp(p-VE@) +1+5@)] By

hypothesis, assume that

2k -1 - /6(p )<y”< 2k —1where q< k < q +
r+1.

By the above, the components of (x;, yj, zjx ) are
positive and z -y > Z;;, — y . Since

ks (g +7) +V8@) <3 [Vp(Jp = /6@) + 1+

Jo(p) | Therefore by the second equivalence above,

we have that pZR\/_‘/— i e S 2k—1—-,/6(p) <

V+z

- =< 2k—1<2k—1+,/5(p) ; and thus z-y >
— Y1, Note that /p < yT"LZ < 2k —1, it follows

that

K>@+1 Vp+3
2 2

that k> q is necessary. Finally, |fy—+z = 2k — 1, then

a(Zy — yue) = m (25— (2k—1))

—1 = g —1; so the hypothesis

(b) Let j =3.

2k—/p-1 2k+p-1
X3k >0 pF < < \/_ o1 as
with  X;, > 0,similary Y3k >0 Zy + X3 >

Zzk — X3k

= (bn—ak—-1)(bn—ap) <0

= 2k-1<XZ <\/_2k+\/—1Nextzx>Z3k—

X3y IS equwalent to 2k-1-/8(p) < L=

Jé(p)asin (a).

Moreover, z -y = Zs;,

f<2k—1+

— ya if and only if yT” =

2k —14,/8(p) . In this case, if d is even, then (x
,Y,Z) is a binary root by theorem 2.

By direct calculation, 2k—1+6(p) <
p ij_\/— L ifand only if

k<2 [VP(Jp —/6(@)) + 1 — \[6(p)] since 2k-1 -

Jo(p) <2k—-1< ‘/_Zk\/t\/i——l L by (4), and we have

Y*2 for positivity and the

the above intervals on
inequality z -x > Z5, — Xjy, it follows that part (a)
of definition 1 holds for (xsy, y3k, z31) if and only if
. y+z

i) 2k-1 < - < 2k-1 + ,/&(p) when
k< [\/—(\f Jé@)+1- Js()] and

.. y+z 2k+/p—1
||)2k-1<7<\/—‘/_1

Letd > 6 and assume that k<5[\/—(\/— -Jé()) +

1— ,/6(p)| . By remark 1, kK< g + r. Then 2k-1 <
y+z y+z
*— < 2k-1 + ,/8(p) holds where >p . s

k> % [Ve(p —/5()) +1]. Itfollows By theorem

2, a positive integer multiple of ( x, y, z) will be
binary root.
(c) Letj =2.

otherwise.

sz > 0 @sz +X2k > sz - sz

< m(bn — a2k — 1)? —n(am — b)?) > 0

= (57 - WERE) (57 - VAR )0

k- k—vp—
@elther—<\/_2 \/—1 y—”>\/_2ﬁ\/f11

Yo >0 & 2k-1<XZ < p aswith Yy > 0.

Z,, > 0 is identical to that of Z;;, > 0.

It follows that all components are positive if and only
if
2k—/p-1 y+z
p Vp+1 < x <P
And it is easy to check that

Zk\/_‘/:l L< Jp({p —/8(p)) if and only if
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k < %[\/5(\/5 —J8(®)) +1+./8(@)]. Therefore

by (4) and the above results , (x,x, Yok, 22 ) fulfils
part (a) of Definition 1 if and only if

P =) <2 <punenk <17
\/W)+1+\/Tp)| and \/—k\r‘/:ll 2<d

otherwise.

It follows that

i)ﬁ<y7”<pwherek:1and23ps50r
2k+\/_1
i) ‘/— Vp+1

grrenet ) 1 )

In this case, faster convergence is obtained with the
highest possible value of k.

Y% < p, where p> 6 and

Finally , if % =p , then n(Zyx — ya) =
(bn — ap)? = 0.
On the other hand, suppose that k = % where p

=mn is a square free.

(d) (G=0)
Xok >0 © n(Zok + Xok) —n(Zox — Xox) >0

< (bn — Zap)z—(aﬁ)2>0
= (5= Vpeyr-1) (57 -
Jr(2yp + 1)) >0

& either y7+z <p(2/p—-1)or y;z >
Jr(2{p +1).

Similarly, Yy >0 n(Zo, + Yor) —n(Zor —
Yor) >0

< bn <2ap<=)y7+2<2p.

Finally, Zy, = n b% — (4amn)b + a’*m(4mn +
1) = 0is a quadratic In b with roots b = (2amvn +
avmi)\/n. Evaluating Z,, at b = 2am+/n , we have
that

Zow = &m(1+4mn(va—1)°) >0, s0 Zyy is
always positive. It follows that the components are
positive if and only if % < /p(2,/p — 1).

Next,z-y=2a’m=_Zy, — Yok

Moreover, N(z-Zy,) = 4ap(bn —ap) =

4a2p(y7+z—p) and z> Z,, since by assumption

y7” > p;so (d) follows.
Trees of Primitive Solutions:

A tree of the primitive solutions to (1) is an infinite
network of nods where each node branches ( in our
case via ascent matrix multiplications) to a number
of subsequent nodes, with the totality giving all , and
only , primitive solutions without duplication. By
theorem 1, trees exist when d is 2 , 6, or any odd
square-free positive integer. For any other even
square-free d, the primitive solutions are attained
from a finite forest of such trees.  Specifically, for
any given node (X, y, z) there is a unique path via
descent matrices back through the tree to either
(1,0,1) or a primitive binary root; i.e., if (X, y,z) is
not a root , then exactly one of the matrices g in M(P)"
or M(p)™ exists such that g*.(x , y, z) produces a
new node (X, Yy, z) that satisfies Definition 1.
In the classical case p =1, the tree of primitive
solutions is derived by simply taking all possible
ascending products of three generators stemming
from (1, 0,1). This is possible since products always
produce distinct primitive solutions in this case.
For square-free P > 1 , families of generators are
defined for the primitive solutions that satisfy the
requirements for a tree structure with four exceptions
that may easily be remedied by adjusting or removing
improper branches.

Let G denote G(P)" or G(p)™, and let g = S(k , p).e(j)
be in G. Reversing the descent notion of definition 1,
Assume (X, Y, Z) is a primitive solution of (1).
g. (X,¥,2Z)=(x,y, z) and, as in the proof of
Theorem 1, e(j). S(k, P). (x,y.,2) =i (X,Y, 2)
satisfies Fermat’s Descent method for some positive
integer i. Unlike the case P = 1, it is necessary to
consider the following anomalies.

a) The components of (x, y, z) may not all be positive.
b) The components of (x, y, z) may be positive but
not relatively prime.

c) For some odd square-free P, there may exist g in G
such that the binary root conditions z- y' =z -y in part
(c) of Definition 1 hold:

d) There are duplicate nodes in the first level of the
derived tree that must be pruned. They arise form the
subsets

{S(q+s,p)eB)wSl@+s+1p)e(l)w} (0=
s<r)
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For some primitive root w as follows.
i) For odd square-free P> 13, the nearest nodes in
the abutting sets agree when w = ( 1,0 ,1):
{S(q+s+1,p)e()w,S(q+s+1,p)e3).w}

(0<ss<r) Since e(l) . w = e(3) w
ii) For even square-free P> 10 and standard binary
rootw=A4 (S 2,k, 1) as defined in Theorem 2, there

exists a unique s in [0, r] such that

S(q+s,p).e(3).w
gcd[S(q + s,p),e(3).w]
_ S(@+s+1,p)e(d)w
T gcd[S(q + s+ 1,p),e(1).w]

iii) The interval decomposition in the proof of
theorem 1 is disjoint except for the intervals
corresponding to the descent matrices e(3). S(q + s,
p) and e(1). S(g+s+1 ,p) when pisodd. If (X, Y, z) =
A(m, n, a, b) is a primitive solution to (1) such that b
x n is in the intersection [(a(2(q +s) +1)+1—

V2),(a@+s)+ 1D +1-+2)] of  these
intervals, then there exist two distinct paths form
(1,0,2) to (x, v, 2).

CONCLUSION

By the parametric intervals method of descent, after
some modifications at each level, the primitive
solutions of (1) satisfy requirements for one or more
tree structures with generating sets G(P)" or G(p)™
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